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Abstract
We study a brane configuration of D4-branes and NS5-branes in weakly coupled
type IIA string theory, which describes in a particular limit d = 4 N = 1 SU(N + p)
supersymmetric QCD with 2N flavors and a quartic superpotential. We describe the
geometric realization of the supersymmetric vacuum structure of this gauge theory. We
focus on the confining vacua of the gauge theory, whose holographic description is given
by the MQCD brane configuration in the near-horizon geometry of N D4-branes. This
description, which gives an embedding of MQCD into a field theory decoupled from
gravity, is valid for 1≪ p≪ N , in the limit of large five dimensional ‘t Hooft couplings
for the color and flavor groups. We analyze various properties of the theory in this limit,
such as the spectrum of mesons, the finite temperature behavior, and the quark-anti-
quark potential. We also discuss the same brane configuration on a circle, where it gives
a geometric description of the moduli space of the Klebanov-Strassler cascading theory,
and some non-supersymmetric generalizations.
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1 Introduction and summary
It is believed that in the limit of a large number of colors (e.g. large Nc for an SU(Nc)
gauge theory), many gauge theories can be reformulated as weakly coupled closed string
theories with gs ∼ 1/Nc, following the ideas of [1]. This reformulation may facilitate
the understanding of non-perturbative properties like confinement and chiral symmetry
breaking. For most gauge theories the (higher dimensional) target space of the dual
string theory, which is usually referred to as the bulk, is highly curved; so far we do
not have good quantitative methods to analyze such string theories. For some specific
gauge theories, the dual string theory lives in a weakly curved space. In these cases, the
dynamics of the strongly coupled large Nc gauge theory, which lives on a space isomorphic
to the boundary of the bulk space, can be studied in detail (see [2] for a review).
Adding Nf flavors in the fundamental representation of an SU(Nc) gauge group cor-
responds in the dual string theory to adding Nf D-branes in the bulk. For small Nf
(Nf ≪ Nc), the theory with flavor can be studied by adding the dynamics of open
strings ending on these D-branes; e.g., when the gauge theory has a global SU(Nf ) sym-
metry, the symmetry currents correspond in the bulk to gauge fields on the D-branes.
When Nf becomes of the same order as Nc, the open string coupling on the D-branes,
gsNf ∼ Nf/Nc, is not small, and there is no reason to believe that a weakly coupled
string description exists.6
One way to obtain a weakly coupled string theory for Nf ∼ Nc is by gauging the
flavor group. In this case the usual arguments of the ’t Hooft limit imply that there
should be a weakly coupled dual string theory, but it is generally not the same as the
original theory, unless the gauge coupling of the flavor group is weak. Of course, when
the flavor group is weakly gauged we generally do not expect to get a weakly curved
string theory dual, but such a dual may exist when the flavor group is strongly coupled.
In this paper we analyze an example of a large Nc gauge theory with the flavor group
gauged, for which a weakly curved string dual exists when the flavor group is strongly
coupled. Our large Nc gauge theory will be four dimensional, but we will gauge the flavor
group by coupling it to five dimensional gauge fields (with a UV completion given by
a six dimensional conformal field theory). The five dimensional flavor gauge theory is
IR-free; our weakly curved gravity dual is useful when the interesting physics happens
at energies at which this theory is strongly coupled, but there is also a different limit of
the same theory where the flavor gauge theory is weakly coupled and the physics is that
of the original four dimensional gauge theory with Nf ∼ Nc flavors.
Our field theory arises as a decoupling limit of the brane configuration shown in figure
3 below. This configuration (see e.g. [4] for a review of the dynamics of this and related
brane configurations) involves N D4-branes which intersect (along 3 + 1 dimensions)
two NS5-branes with different orientations, and a stack of p additional D4-branes which
stretch between the fivebranes. This brane system preserves d = 4 N = 1 supersymmetry
6For a recent review of some approaches to holography for theories with Nf ∼ Nc, and further
references, see [3].
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and gives, in a certain decoupling limit, d = 4 N = 1 SU(N + p) supersymmetric QCD
(SQCD) with 2N flavors of “quarks” in the fundamental representation of the gauge
group. For vanishing superpotential, this theory flows in the IR to a non-trivial fixed
point [8]. The brane construction gives rise to a quartic superpotential which preserves an
SU(N)× SU(N) flavor symmetry. The resulting gauge theory has multiple vacua, some
of which are confining (in other vacua, some of the gauge symmetry is spontaneously
broken).
We will discuss a different decoupling limit, in which the flavor symmetry is gauged by
coupling it to five dimensional gauge fields (which are the gauge fields on the semi-infinite
D4-branes in figure 3). We will argue that when p≪ N , and the five dimensional gauge
theory is strongly coupled (at the characteristic energy scale of the four dimensional
dynamics), this theory has a simple string dual. In particular, the confining vacua can
be described by placing the MQCD [9] fivebrane in the near-horizon geometry of N
D4-branes.7 This gives us a controllable background which is continuously related (by
changing parameters) to SQCD, similar to the way that the backgrounds of [5, 6, 7] are
continuously related to the pure d = 4 N = 1 supersymmetric Yang-Mills (SYM) theory.
In our case, there are additional fields living in a higher dimensional space, that only
decouple in the limit that their gauge coupling goes to zero. Our main purpose in this
paper is to investigate the properties of the resulting system.
We begin in section 2 by describing the brane configuration and its different limits.
For N = 0, our brane configuration is similar to MQCD, which is obtained by taking the
string coupling in figure 3 to be large. We study the brane system in a different limit,
where the type IIA string coupling is small, and the MQCD fivebrane is an NS5-brane
carrying fourbrane flux. To study the dynamics of the fivebrane semiclassically, we take
the five dimensional ’t Hooft coupling of the SU(p) gauge theory on the D4-branes to be
large.
For large N , the confining vacua of the gauge theory are described by embedding the
MQCD brane configuration (for gauge group SU(p)) into the near-horizon geometry of
N D4-branes. In this sense our discussion provides an embedding of MQCD into a field
theory which is decoupled from gravity (the decoupling limit from gravity of the MQCD
brane configuration itself is still unknown). Unlike the original MQCD configuration,
this enables us to have normalizable states (corresponding to four dimensional particles)
coming from the MQCD brane, and to study the theory at finite temperature. We discuss
both the brane configuration corresponding to the SQCD theory discussed above, and
its generalization to the case where the D4-branes live on a circle; in the latter case our
field theories are SU(N) × SU(N + p) gauge theories similar to the ones that appear
in the Klebanov-Strassler cascade [6], but we study these theories in a different range
of parameters from [6]. As in the non-compact case, we find that some features of the
cascading theories (like their moduli space) are realized in our limit as well, while other
features are different.
In section 3 we analyze the field theories corresponding to our brane configurations,
7Holography for the D4-brane geometry was developed in [10].
2
and in particular study their moduli space and match it to the dual string description,
finding precise agreement whenever the string theory computation is under control. In
particular, we find an elegant geometrical description for the complicated moduli space
[11] of the Klebanov-Strassler cascading theory. In section 4 we compute the spectrum
of operators and states in our string theory dual. We find that the spectrum is generally
continuous from the four dimensional point of view, because some higher dimensional
fields do not decouple in our limit, but there are also some discrete states which may be
continuously connected to the mesons of SQCD.
In section 5 we discuss some of the energy scales in our problem, and in particular the
quark-anti-quark potential. We show that for some range of parameters this is dominated
by the five dimensional IR-free physics, but that there is also a range of parameters
(and of quark-anti-quark distances) for which it is dominated by the four dimensional
confining physics. In section 6 we discuss the behavior of our system at finite temperature,
showing that at all finite temperatures the confining phase has a higher free energy than
the Higgs phase, in agreement with field theory expectations. Finally, in section 7 we
discuss some non-supersymmetric generalizations of our construction, including a case
where there is a first order finite temperature phase transition (at which the fivebrane
falls into the horizon). Clearly there are many possible generalizations of our setup, both
supersymmetric (e.g. theories related to d = 3 N = 2 SQCD) and non-supersymmetric;
we leave their analysis to future work.
2 The brane construction
2.1 N = 1 Supersymmetric Yang-Mills from type IIA string
theory
Pure d = 4 N = 1 SYM with gauge group U(p) can be realized in type IIA string theory
as the low energy limit of the system of intersecting D4-branes and NS5-branes depicted
in figure 1. All the branes in the figure are extended in the IR3,1 labeled by (x0, x1, x2, x3).
The fivebranes are further extended in
NS : v = x4 + ix5,
NS ′ : w = x8 + ix9, (1)
while the p fourbranes form a line segment of length L in the x6 direction,
− L
2
≤ x6 ≤ L
2
. (2)
As reviewed in [4], this brane configuration preserves N = 1 supersymmetry in the 3+ 1
dimensions common to all the branes, (0123). All the fields in the D4-brane gauge
theory other than the U(p) gauge fields and gauginos get masses of order 1/L due to the
boundary conditions at x6 = ±L/2.
3
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Figure 1: The brane system realizing d = 4 N = 1 SYM with gauge group U(p).
The classical four dimensional gauge coupling is given by
g2YM =
gsls
L
. (3)
Later, we will be interested in the large p limit of this system, in which the strength of
interactions is governed by the ‘t Hooft coupling,
λ(4)p = g
2
YMp =
λp
L
; λp ≡ gslsp. (4)
λp (which has units of length) is the 4+1 dimensional ‘t Hooft coupling of the D4-brane
theory.
Quantum mechanically, the coupling of the four dimensional gauge theory runs with
the scale. One can view 1/L as the UV cutoff of this theory, and λ(4)p as the value of the
coupling at the UV cutoff scale. In order for the dynamics of the brane configuration to
reduce to that of N = 1 SYM at energies well below the cutoff scale, this coupling must
be taken to be very small, λ(4)p ≪ 1.
The classical picture of D4-branes ending on NS5-branes (figure 1) is qualitatively
modified by gs effects [12]. To exhibit these effects, it is convenient to view type IIA
string theory at finite gs as M-theory compactified on a circle of radius R = gsls. Both
the D4-branes and the NS5-branes correspond from the eleven dimensional point of view
to M5-branes, either wrapping the M-theory circle (D4-branes), or localized on it (NS5-
branes). The configuration of figure 1 lifts to a single M5-brane, which wraps IR3,1 and
a two dimensional surface in the IR5 × S1 labeled by (v, w, z). Here
z ≡ x6 + ix11, (5)
and x11 parameterizes the M-theory circle, x11 ∼ x11 + 2πR. The shape of the fivebrane
in IR5 × S1 is described by the equations [9]
vw = ξ2, v = ξe−z/pR = ξe−z/λp, (6)
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where without loss of generality we can choose ξ to be real and positive. Note that:
• The classical brane configuration of figure 1 lies on the surface vw = 0, while the
quantum shape is deformed away from this surface. In particular, the D4-branes,
that are classically at v = w = 0, are replaced in the quantum theory by a tube
of width ∼ ξ connecting the (deformed) NS and NS ′-branes. Indeed, defining the
radial coordinate u via
u2 = |v|2 + |w|2, (7)
we see that (6) satisfies u ≥ √2ξ. One can interpret ξ/l2s as the brane analog of
the dynamically generated scale of the N = 1 SYM theory.
• Classically, the brane configuration is confined to the interval (2), while quantum
mechanically it extends to arbitrarily large |x6|. For example, for large positive x6,
the fivebrane takes the shape
z ≃ λp ln(w/ξ); v ≃ 0. (8)
One can think of (8) as describing an NS ′-brane deformed by the D4-branes ending
on it from the left. Since these D4-branes are codimension two objects on the
fivebrane, they give rise to a deformation of it that does not go to zero at infinity.
• As usual, isometries in the bulk give rise to global symmetries of the field theory on
the branes. Consider the following three U(1) symmetries: U(1)45, corresponding to
rotations in the (45) plane, U(1)89, corresponding to rotations in the (89) plane, and
U(1)11, corresponding to translations in x11. Classically, the first two symmetries
are preserved by the brane configuration of figure 1, while the third one is broken by
the positions of the NS5-branes. Quantum mechanically, the asymptotic x6 →∞
shape (8) breaks one linear combination of U(1)89 and U(1)11, while its analog
as x6 → −∞ breaks a linear combination of U(1)45 and U(1)11. The full brane
configuration (6) preserves a single U(1) symmetry, whose action is given by
v → eiαv, w → e−iαw, x11 → x11 − αλp. (9)
Note that the other two U(1) symmetries are broken by the asymptotic boundary
conditions, so they are broken explicitly from the point of view of the field theory
living on the branes. As discussed in [9], since pure N = 1 SYM theory has no
unbroken U(1) global symmetry, all states that are charged under the symmetry (9)
are expected to decouple in any limit that leaves only the degrees of freedom of this
four dimensional gauge theory. One of the broken U(1) symmetries discussed above
is actually not completely broken by the asymptotic shape (8) and its x6 → −∞
analog. It is broken to Zp, which is further spontaneously broken by the full brane
configuration (6). This U(1) symmetry can be identified with the (anomalous)
R-symmetry of the four dimensional SYM theory.
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• At large u, the distance between the NS and NS ′-branes goes to infinity; hence
the separation L appears to be ill defined. This is not surprising, since (3) relates
L to the four dimensional gauge coupling, which changes with the scale. To define
it, one can take the radial coordinate u (7) to be bounded, u ≤ u∞, and demand
that at u = u∞, x6 = ±L/2. Assuming that the four dimensional ‘t Hooft coupling
λ(4)p (4) is very small, this gives the following relation among the different scales:
ξ = u∞ exp (−L/2λp) = u∞ exp
(
−1/2λ(4)p
)
. (10)
This is the brane analog of the relation between the QCD scale and the gauge
coupling in SYM theory, with u∞/l2s playing the role of a UV cutoff.
8 As in SYM,
we can remove the cutoff, by sending u∞, L/λp → ∞ while keeping the “QCD
scale” ξ/l2s fixed.
• Although the curved fivebrane is non-compact, and in particular extends to infinity
in IR5, the non-trivial dynamics is restricted to the intersection region. The only
low energy modes that live on the fivebrane at large (v, w, x6) are 5+1 dimensional
free fields that describe the position of a single fivebrane, and their superpartners.
One can take a limit in which these fields decouple, and only the 3+1 dimensional
physics remains, but we will not do that here.
As one varies the parameters of the brane system of figure 1, the language in terms
of which its IR dynamics is most usefully described changes. The pure SYM description
is valid when λ(4)p (4) and the dynamically generated scale ξ (6) are small. In this regime
the brane description reduces to the gauge theory one.
In other regions in parameter space the dynamics can be studied by analyzing the
geometry of the branes. One such region is obtained by sending gs → ∞, i.e. taking
the radius of the M-theory circle, R, to be much larger than the eleven dimensional
Planck length. If ξ is also taken to be sufficiently large, (6) describes a large and smooth
M5-brane, whose dynamics can be studied semiclassically. The low energy theory of
this fivebrane is known as MQCD; it was discussed in [9] and subsequent work. Since
it is related to N = 1 SYM by a continuous deformation of the parameters of the
brane configuration, and no phase transitions are expected along this deformation, the
two theories are believed to be in the same universality class. However, many of their
detailed features are expected to be different.
In this paper we will focus on a different region in the parameter space of the brane
system. We will take the type IIA string coupling to be small, but p to be large, such
that the five dimensional ‘t Hooft coupling is large, λp ≫ ls. As mentioned above, for
large L and small ξ the low energy dynamics of this system reduces to N = 1 SYM. On
the other hand, if ξ is sufficiently large, the fivebrane described by (6) is weakly curved
(in string units). Thus, the situation is similar to that in MQCD, except for the fact that
8The corresponding energy scale is in general different from the KK scale 1/L mentioned above.
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the string coupling is weak. This implies that the fivebrane in question is an NS5-brane,
which also carries RR six-form flux (D4-brane charge).
The shape of this NS5-brane is given by the reduction of the eleven dimensional
profile (6) to ten dimensions. It is parameterized by two functions of x6, u and α, which
are defined (on the fivebrane) by
v = ueiφ cos(α), w = ue−iφ sin(α). (11)
Looking back at (6), we see that u and α are given by
u = ξ
√√√√2 cosh
(
2x6
λp
)
, tan(α) = exp (2x6/λp) . (12)
The configuration (6) also involves a non-zero expectation value for the (compact) scalar
field which labels the position of the NS5-brane along the M-theory circle. As φ in (11)
varies between 0 and 2π, the scalar field winds p times around the circle, giving the
NS5-brane its D4-brane charge.
When λp, ξ ≫ ls, the shape (12) is weakly curved and a semiclassical description
should be reliable. This description depends on whether the back-reaction of the branes
on the geometry can be neglected. The p D4-branes modify the geometry around them
significantly up to distances of order (λpl
2
s)
1/3. Thus, if ξ satisfies the constraint
ξ3 ≫ λpl2s , (13)
one can neglect the back-reaction and treat the curved fivebrane as a probe in flat space-
time. Otherwise, the back-reaction is important, and one can try to replace the branes
by their geometry, and describe their low-energy dynamics using holography. This is an
interesting problem that we will leave to future work.
The regime (13), where the curved fivebrane (11), (12) can be treated as a probe,
is quite analogous to MQCD. The validity of the semiclassical analysis of the fivebrane
relies in this case on the ‘t Hooft large p limit rather than on large gs, as in [9], but many
of the qualitative properties are similar.
2.2 A holographic embedding of MQCD
We next embed the brane configuration of figure 1 in a larger system, which is more
amenable to a holographic analysis. To do this, we add N infinite D4-branes stretched
in the x6 direction (see figure 2). These branes do not break any of the supersymmetries
preserved by the configuration of figure 1. Thus, we can place them anywhere in the IR5
labeled by (v, w, x7), without influencing the shape of the curved NS5-brane (12). This
can be seen directly by replacing the N D4-branes by their geometry, and studying the
dynamics of the curved NS5-brane (12) in that geometry. This description should be
valid for N ≫ p, and we will restrict to this (“probe”) regime below.
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Figure 2: The brane system with N additional infinite D4-branes.
Viewing the N D4-branes as M5-branes wrapped around the M-theory circle, their
eleven dimensional geometry is given by9
ds2 = H−1/3
(
dx2µ + dx
2
6 + dx
2
11
)
+H2/3
(
|dv|2 + |dw|2 + dx27
)
,
C6 = H
−1d4x ∧ dx6 ∧ dx11, H = 1 + πλN l
2
s
|~r − ~r0|3 , (14)
where λN = gslsN is the 4+1 dimensional ‘t Hooft coupling of the N D4-branes (defined
as in (4)), µ = 0, 1, 2, 3, ~r = (v, w, x7) labels position in IR
5, with ~r = 0 corresponding to
the classical position of the p D4-branes in figure 2, and ~r0 ∈ IR5 is the position of the
N D4-branes.
For gs 6= 0, the NS5-branes and p D4-branes form a curved M5-brane whose shape
may be obtained by plugging the ansatz
v = u(x6)e
iφ(x11) cos(α(x6)), w = u(x6)e
−iφ(x11) sin(α(x6)), (15)
into the fivebrane worldvolume action. Parametrizing the M5-brane worldvolume by the
coordinates (xµ, x6, x11), the induced metric corresponding to (15) takes the form
ds2ind = H
−1/3
{
dx2µ +
[
1 +H
(
(uα′)2 + (u′)2
)]
dx26 +
(
1 +H(uφ˙)2
)
dx211
}
, (16)
where u′ ≡ ∂x6u, α′ ≡ ∂x6α and φ˙ ≡ ∂x11φ. The Lagrangian is10
L = H−1
√
1 +H(uφ˙)2
√
1 +H((uα′)2 + (u′)2)−H−1. (17)
9It is well known that dimensional reduction of this geometry gives the correct description of D4-
branes in type IIA string theory. Thus, the discussion below is valid in the weakly coupled type IIA
limit as well.
10Here and below, we omit the tension of the fivebrane, which appears as a multiplicative factor in
the Lagrangian.
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The equations of motion imply that φ˙ must be constant; thus φ = x11/pR = x11/λp.
The Noether charges J, E associated with the invariances under the shifts of α and x6,
respectively, are then given by
J =
u2α′
√
1 +Hu2/λ2p√
1 +H [(uα′)2 + (u′)2]
,
E = H−1 −
H−1
√
1 +Hu2/λ2p√
1 +H [(uα′)2 + (u′)2]
. (18)
Supersymmetric configurations have E = 0. Substituting into (18) we find:
α′ = J/u2,
(u′)2 =
u2
λ2p
− J
2
u2
. (19)
Note that the equations (19) that determine the shape of the supersymmetric M5-brane
are independent of the form of the harmonic function H , and in particular of the positions
of the N D4-branes in figure 2. This agrees with the expectation that there is no force
between the various branes. As a check, one can verify that the profile (12) indeed solves
(19), with
Jλp = 2ξ
2. (20)
In this solution α goes from α(x6 → −∞) = 0 to α(x6 →∞) = π/2.
So far, our discussion took place in the full type IIA string theory. We next take a
decoupling limit, by omitting the 1 in the harmonic function H (14). This corresponds
to studying the brane configuration of figure 2 in the (2, 0) theory of N M5-branes,
compactified on a circle of radius R. One can think of the curved M5-brane (12) as a
localized defect in this theory. The dynamics of the modes of the (2, 0) theory contributes
to the interactions among the fields localized on the defect, which include four dimensional
N = 1 gauge superfields. We will see later that the low energy theory contains some
additional higher dimensional modes, and is thus not purely N = 1 SYM. However, it
does not contain any gravitational or stringy dynamics, in contrast to MQCD and its
weakly coupled analog described in the previous subsection.
As mentioned above, the shape of the curved M5-brane (12) is independent of the
position of the N D4-branes, ~r0. Consider the limit ~r0 → 0, in which all the D4-branes
in the classical configuration of figure 2 are coincident (see figure 3). As is clear from the
figure, there are states (corresponding to fundamental strings stretched between the two
stacks of D4-branes), whose masses go to zero in this limit. We will discuss their field
theoretic interpretation in the next section; here we note that for ~r0 = 0 the system has
some additional supersymmetric vacua.
In the classical brane description, these vacua can be obtained as follows. One or more
of the fourbranes stretched between the NS5-branes can connect to semi-infinite branes
9
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Figure 3: The brane system of figure 2 at the origin of its moduli space.
attached from the left to the NS-brane, and make semi-infinite D4-branes stretching
from the NS ′-brane to x6 = −∞. As is clear from figure 3, this leaves behind semi-
infinite fourbranes stretching from the NS-brane to x6 = +∞. The semi-infinite branes
in the two stacks can now be independently displaced along the appropriate NS5-brane,
thus giving rise to a new branch of the moduli space of brane configurations. In this
branch, the number of D4-branes stretching between the NS5-branes is reduced.
When all p D4-branes reconnect as described above, the fivebrane splits into two
separate fivebranes, each of which corresponds to a solution of (19) with J = 0. The
angle α (11) takes the constant values 0 and π/2 for the NS and NS ′-brane, respectively.
The solution to (19) is
u = K exp (±x6/λp) . (21)
The number of D4-branes stretched all the way from x6 = −∞ to +∞ (i.e. the back-
ground D4-brane flux) decreases to N − p (see figure 4). We will discuss the field theory
interpretation of these extra branches of the moduli space of brane configurations in the
next section.
Before introducing the N extra D4-branes, we found that the parameter ξ, (6), (12),
must satisfy the bound (13) in order for the back-reaction of the p D4-branes on the
geometry to be negligible. In the near-horizon geometry of the N D4-branes, the back-
reaction of the p D4-branes is always a subleading effect in p/N (which we are assuming
is small). There is still a constraint coming from the fact that if ξ is small, the tube
connecting the NS5-branes is located in the region where the curvature of the near-
horizon geometry is large and cannot be trusted. For ~r0 = 0 this constraint takes the
form
ξ
l2s
≫ 1
λN
. (22)
It is much less stringent than (13); we will impose it below. Recall that ξ/l2s is the
QCD scale associated with the tube (6); it is held fixed in the decoupling limit from
10
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Figure 4: The “disconnected” branch of the moduli space.
gravity described above. The constraint (22) is precisely the requirement that the 4+ 1-
dimensional U(N) gauge theory on the D4-branes is strongly coupled at the scale ξ/l2s
[10].
2.3 Compact x6
Another interesting brane system is obtained from that of figure 2 by compactifying the
x6 direction on a circle, x6 ∼ x6 + 2πR6. The resulting configuration (with ~r0 = 0) is
depicted in figure 5. While the bosons living on the branes must satisfy periodic boundary
conditions around the circle, fermions can be either periodic or antiperiodic. Most of our
discussion below will involve the periodic case, in which supersymmetry is unbroken by
the boundary conditions. In this case, the string background is still given by (14), and
the shape of the curved fivebrane by (11), (12), (21), with x6 periodically identified.
On the cylinder labeled by (x6, u), the fivebrane described by (11), (12) takes the form
depicted in figure 6. Starting at the boundary u = u∞, it spirals down the cylinder and
then climbs back up to the boundary. In the process, the angle α changes by π/2. The
disconnected configuration (21) gives rise to a solution with constant α, which spirals
down the cylinder and does not climb back.
Although in the covering space of the cylinder the shape of the fivebrane is the same
as in the non-compact case, there are two important differences between the two cases.
The first has to do with the fact that the curved fivebrane carries p units of fourbrane
charge. In the non-compact case, if one fixes x6 and increases the radial coordinate u, the
flux increases by p units, from N to N + p, when one crosses the fivebrane. For finite R6,
increasing u at fixed x6 one encounters the fivebrane multiple times, as it spirals around
the cylinder. At each encounter, the fourbrane flux increases by p units. If we fix the
flux to be N + p at the UV boundary u = u∞, as we spiral down, it may11 eventually
11The change of flux between u ∼ ξ and u∞ is ∆N ∼ L/R6, where L is the distance between the
NS5-branes (in the covering space) evaluated at u∞ (see the discussion around (10)). It could be large
or small compared to N .
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Figure 5: N D4-branes that wrap the x6 circle, and p that are stretched between the NS
and NS ′-branes.
become comparable to p, where the probe approximation breaks down.
The second difference between the compact and non-compact cases concerns the vac-
uum structure of the model. In the non-compact case, fivebranes described by (11), (12)
with different values of ξ correspond to different theories, much like SYM theories with
different values of ΛQCD. Indeed, for large u one has (see (8))
x6 ∼ λp ln
(
u
ξ
)
, (23)
and changing ξ corresponds to a non-normalizable mode in the geometry (14). In the
compact case, profiles with
ξ = ξn = ξ0e
2pinR6
λp , n ∈ Z (24)
give rise to the same asymptotics (23), and thus describe different vacua of a single theory.
The integer n is bounded from above by the requirement ξn < u∞ and from below by the
breakdown of the probe approximation described above. Later we will discuss the field
theory interpretation of these vacua.
When the radius R6 becomes too small, the adjacent coils in figure 6 approach each
other, and one can no longer ignore their back reaction on the geometry. The requirement
that this does not happen leads to the inequality
R6 ≫
(
λ4p
λN
)1/3
. (25)
Another constraint on R6 comes from requiring that upon reducing the geometry (14)
to IIA string theory, the radius of the x6 circle at u ∼ ξ should be much larger than the
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string length. This leads to the constraint
R6 ≫
(
λN l
2
s
(ξ/l2s)
3
)1/6
. (26)
X6
U
Figure 6: For compact x6, the curved NS5-brane spirals down the (x6, u) cylinder and
then climbs back up. The downward (upward) part of the spiral is colored red (blue).
The brane configuration of figure 5 is T-dual to the system studied in [6], which
involves regular and fractional D3-branes placed at a conifold singularity in type IIB
string theory. The Klebanov-Strassler theory describes the limit of our configuration as
R6 → 0 and λp, λN → 0, keeping the four dimensional QCD scale ξ/l2s fixed; this is an
opposite limit to the limit of strong five dimensional gauge coupling that we focus on in
this paper. On the type IIB side the brane sources are replaced by varying three-form
and five-form fluxes. In particular, the gauge-invariant charge associated with F5 changes
along the throat; this change can be attributed to a sequence of Seiberg dualities (see
section 3). One can also define a Page charge associated with the five-form [13], which
is conserved along the flow, but is not gauge-invariant (though its value modulo p is
gauge-invariant).
The type IIA story is simpler. In the probe approximation (p ≪ N) discussed in
this paper, the four-form field strength has explicit sources (the spiraling fivebrane), and
there is only one charge, which is both gauge-invariant and conserved. It changes as one
moves in the radial direction due to the presence of sources.
The system discussed in [6] is known to have a rich vacuum structure, some of which is
described by regular type IIB supergravity solutions (in a certain regime in the parameter
space of brane configurations). The type IIA description in terms of a fivebrane with
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D4-brane charge winding around the cylinder in figure 6 is valid in a different regime
in parameter space, but the (supersymmetric) vacuum structure is expected to be the
same. We will comment on this comparison further below.
3 Field theory
In this section we will discuss the field theory that governs the low energy dynamics of
the brane configurations of figures 3 and 5, and its relation to that of the brane systems
described above.
3.1 Non-compact x6
We start with the brane configuration of figure 3, and consider its low energy dynamics in
the weak coupling limit. The low energy effective field theory on the D4-branes contains
two types of excitations: four dimensional fields localized in the intersection region, and
five dimensional fields living on the semi-infinite fourbranes at |x6| ≥ L/2.
The four dimensional fields include a U(N + p) N = 1 SYM theory, and two sets of
N (anti) fundamental chiral superfields (QiL, Q˜L,i), (Q
α
R, Q˜R,α); i, α = 1, 2, · · · , N . The
latter are coupled by the superpotential [14]
Wλ = λ(Q˜L ·QR)(Q˜R ·QL) , (27)
where the scalar product stands for contraction of the U(N + p) color indices, and the
flavor indices (i, α) are contracted between the two gauge-invariant bilinears. This theory
is invariant under a U(N)L × U(N)R global symmetry, which acts on the indices (i, α)
(note that this is a non-chiral symmetry). This symmetry is the global part of the gauge
group of the semi-infinite D4-branes on the left and right of figure 3.
The theory is also invariant under a U(1) global symmetry under which QL, Q˜L have
charge one, and QR, Q˜R have charge minus one. This symmetry corresponds in the
brane picture to the U(1) symmetry (9). To see that, it is useful to think about it as a
difference of two R-symmetries, acting on (QL, Q˜L) and (QR, Q˜R), respectively. These R-
symmetries correspond in the brane language to rotations in the w and v planes. Hence,
their difference, which does not act on the supercharges, acts on v and w as in (9).
While the chiral superfields are localized in x6 (at x6 = ±L/2), the vector superfields
are five dimensional fields living on the line segment (2). At energies of order 1/L, one
starts seeing the massive Kaluza-Klein (KK) states, both of the gauge field and of the
other D4-brane modes (the five transverse scalars and fermions). The four dimensional
gauge coupling is given in terms of the five dimensional one by an analog of equation (4),
λ
(4)
N+p = λN+p/L. In this section we assume that it is small at the KK scale, though this
is not true when the gravitational approximation of the holographic description of the
previous section is valid.
In addition to the fields mentioned above, the brane system contains five dimensional
fields living on the two stacks of semi-infinite fourbranes in figure 3. They are described
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by a 4 + 1 dimensional SYM theory with sixteen supercharges, broken down to eight
supercharges by the boundary conditions at x6 = ±L/2. The supersymmetry is further
broken down to N = 1 by the couplings of the five dimensional fields to the four di-
mensional ones. These couplings can be read off from figure 3 by examining the effects
of geometric deformations. In particular, the superpotential (27) receives an additional
contribution of the form
Wφ = λφ
(
Q˜L ·QLΦL + Q˜R ·QRΦR
)
, (28)
for some constant λφ, where ΦL is an N×N matrix chiral superfield that parametrizes the
position of the left semi-infinite D4-branes along the NS-brane (i.e. in the v direction).
This field is defined on the half-infinite line segment x6 ≤ −L/2, but what enters Wφ
is only its value at x6 = −L/2. Similarly, ΦR parametrizes the position in w of the
semi-infinite D4-branes on the right of figure 3, x6 ≥ L/2, and what enters (28) is its
value at x6 = L/2.
As mentioned above, the U(N) × U(N) global symmetry of the four dimensional
theory is part of the gauge symmetry of the five dimensional theory. Similarly, the
vacuum expectation values of the five dimensional fields ΦL and ΦR correspond from the
four dimensional point of view to parameters in the Lagrangian – turning them on gives
masses to (QL, Q˜L) and (QR, Q˜R), respectively.
The ’t Hooft coupling of the five dimensional theory, λN (see (4)), has units of length.
In section 2 we discussed the strong coupling regime, in which this length is much larger
than ls. The gauge theory description is valid in the opposite limit, λN ≪ ls. As usual,
many aspects of the supersymmetric vacuum structure are insensitive to the coupling,
and can be compared between the two regimes.
Varying the superpotential W = Wλ + Wφ with respect to Q˜L gives the F-term
equation
λQRQ˜R ·QL + λφQLΦL = 0 . (29)
Three similar equations are obtained by varying with respect to the other components
of Q, Q˜. Some of the solutions of (29) and of the D-term constraints can be described as
follows.
One branch of solutions is QL,R = Q˜L,R = 0, with ΦL,ΦR general diagonal matrices.
The corresponding brane configuration is given in figure 7. As is clear both from the
field theory analysis and from the brane perspective, in this branch the chiral superfields
are massive, and the theory generically reduces at low energies to N = 1 pure SYM with
gauge group U(N + p). This takes us back to the discussion of section 2.1.
Another branch of supersymmetric solutions corresponds to the brane configuration
of figure 4. At strong coupling, the resulting vacua were discussed in section 2, around
equation (21). At weak coupling, they can be described as follows.
In order for the (N−p) D4-branes stretched from −∞ to∞ in figure 4 not to intersect
the NS5-branes, we must displace them in (v, w) and/or x7. In the gauge theory, the
former corresponds to turning on non-zero expectation values for the five dimensional
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Figure 7: The brane realization of vacua with ΦL,ΦR 6= 0.
fields ΦL, ΦR. Setting these expectation values to zero and displacing the fourbranes in
x7 corresponds to turning on Fayet-Iliopoulos (FI) D-terms for the diagonal U(1)’s in
U(N − p) subgroups of the two U(N)’s mentioned above. Denoting these D-terms by
xL,R7 , the D-term potential sets
Q†L ·QL = xL7 IN−p ,
Q†R ·QR = xR7 IN−p , (30)
where we assumed that xL,R7 are positive, and set Q˜L,R = 0 for the (N−p) flavors involved
in (30). The latter is necessary for the F-term conditions (29) to be satisfied. Indeed,
since we set ΦL = 0 for the (N−p) flavors in (30), the F-term constraint requires Q˜R ·QL
to vanish. Since QL is non-singular in a (N −p)× (N −p) block constrained by (30), Q˜R
must vanish in that block. To solve (30), we take QL =
√
xL7 δ
i
A, where i = 1, · · · , N − p
is a flavor index, and A = 1, · · · , N − p a color one. Similarly, we take QR =
√
xR7 δ
α
A,
where α is the flavor index, and the color index A runs over the same range as for QL.
The D-term potential in the U(N + p) four dimensional gauge theory, which requires
Q†LQL = Q
†
RQR, then implies that one must have x
L
7 = x
R
7 , a constraint that is obvious
from the geometry of figure 4.
The above discussion takes care of (N−p) colors and flavors. This leaves 2p colors and
p flavors of Q, Q˜. To solve the D and F-term constraints, we take QL, Q˜L to be diagonal
and non-zero in a p× p block with i, A = N − p+ 1, · · · , N , and QR, Q˜R to be diagonal
and non-zero in a p×p block with α,A = N +1, · · · , N + p. The F-term constraints (29)
allow us to turn on an arbitrary ΦL in the flavor sector with non-zero QR and vice-versa.
Of course, the above forms of Q, Q˜ are up to gauge and global transformations.
The above discussion involved vacua of the low energy gauge theory in which the four
dimensional U(N + p) gauge group is completely broken. There are other branches of
the moduli space of supersymmetric vacua in which part of the gauge group is unbroken.
They can be described in the brane picture and in the low energy field theory in a similar
way.
In section 2 we discussed a set of vacua which is described in the brane picture by
the curved fivebrane (6), (12) in the near-horizon geometry of N infinite D4-branes. We
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noted that the shape of the curved fivebrane involves in an important way gs effects.
Thus, the low energy field theory description should involve quantum effects in the gauge
theory. We next describe these vacua from the gauge theory point of view.
We start with the U(N+p) gauge theory described in the beginning of this subsection.
To study its quantum dynamics, it is convenient to add to the theory two N×N massive
gauge singlet matrix chiral superfields MLR, MRL, and replace (27) by
Wλ = −1
λ
MLRMRL +MLRQ˜R ·QL +MRLQ˜L ·QR . (31)
At low energies, we can integrate out the massive gauge singlets. Their equations of
motion set
MLR = λQ˜L ·QR, MRL = λQ˜R ·QL; (32)
plugging this in (31) leads to (27). Thus, the theory with superpotential (31) is equivalent
to the original one (27) at low energies.
Consider now the theory (31). We are interested in vacua in which the singlets MLR,
MRL are non-singular matrices. Thus, the quarks Q, Q˜ are massive, and can be integrated
out. This gives an effective superpotential for MLR, MRL, which can be calculated as
follows. First, we use the scale matching relation between the scale Λ of the theory with
2N flavors Q, Q˜ and the scale ΛL of the pure gauge theory without them, which takes
the following form in standard conventions:
ΛN+3p det(MLR) det(MRL) = Λ
3(N+p)
L . (33)
We then use the non-perturbative superpotential of the low energy pure gauge theory,
W = (N + p)Λ3L . (34)
Combining this with the classical term in (31) we find the full superpotential for MLR,
MRL:
W = −1
λ
MLRMRL + (N + p)
(
ΛN+3p det(MLR) det(MRL)
) 1
N+p . (35)
Varying with respect to (say) MLR, and using the fact that the matrices MLR, MRL are
non-degenerate, we find that
MLRMRL = λ
(
ΛN+3p det(MLR) det(MRL)
) 1
N+p . (36)
Solving this for the determinants, we find
det(MLR) det(MRL) = λ
N(N+p)
p Λ
N(N+3p)
p . (37)
In the vacua (36), the SU(N)L × SU(N)R global symmetry is spontaneously broken to
the diagonal SU(N) by the expectation value of the mesons MLR, MRL. This gives rise
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to a moduli space of vacua labeled by the expectation value of the associated Nambu-
Goldstone bosons (which are linear combinations of the fields in MLR and MRL).
We found that the quantum effects lead in this case to two (related) phenomena. One
is that the chiral superfields QL,R, Q˜L,R become massive; their mass matrix, (MLR,MRL),
is given by (36), (37). The other is the non-zero expectation value of Q˜L · QR, which
breaks the gauge symmetry U(N + p)→ U(p). The scale of the breaking is proportional
to the gauge coupling and to the expectation value of Q, Q˜. Depending on the parameters
of the theory (Λ, λ, gYM) one of the effects occurs at a higher energy and dominates the
dynamics.
If the scale of the breaking of the gauge symmetry is high, the low energy theory can
be thought of as a pure U(p) N = 1 gauge theory with massive flavors. The scale of this
theory can be obtained by plugging (36) into (35), which gives
Λ3p =
(
ΛN+3pλN
) 1
p . (38)
In the brane system, the role of Λp is played by ξ/l
2
s (6).
The spectrum of the above gauge theory contains mesons whose masses are difficult
to compute, since this is non-holomorphic information. In section 4 we will see that in
the regime where the brane description is valid, the masses of the flavor-singlet mesons
can be computed using the gravitational description.
3.2 Compact x6
As mentioned above, another interesting brane configuration is obtained by compactifying
the x6 direction on a circle, as in figure 5. We discuss here only the supersymmetric case of
periodic boundary conditions for the fermions on the circle. The low-energy gauge theory
in this case is an SU(N + p) × SU(N) four dimensional N = 1 supersymmetric gauge
theory, with two chiral multiplets Ai (i = 1, 2) in the bi-fundamental representation and
two (Bi, i = 1, 2) in the anti-bi-fundamental [15, 16, 17, 6]. There is also a superpotential
generalizing (27), of the form
W = λtr(A1B1A2B2 −A1B2A2B1). (39)
One can discuss this brane configuration in a decoupling limit which preserves the
five dimensional gauge dynamics including the Kaluza-Klein modes on the circle, or take
a different decoupling limit that keeps only the four dimensional gauge dynamics. The
latter limit was discussed in [6], but we expect the moduli space to be independent of
precisely which limit we take. As argued in [6] (see [18] for a review), as one decreases the
energy, this theory undergoes a series of “duality cascades”, such that the effective field
theory describing physics at lower energy scales is first a SU(N) × SU(N − p) theory,
then a SU(N − p)×SU(N − 2p) theory, and so on. In the gravitational solution studied
in [6], this cascade eventually ends (if N is a multiple of p) in a confining background.
This type of renormalization group flow implies that also at high energies we cannot
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(once we take a decoupling limit from string theory) discuss the theory at fixed N , since
this theory has a Landau pole, but we have to increase N as we increase the UV cutoff,
and if we take the UV cutoff to infinity we must also take N to infinity at the same time.
The moduli space of this theory was analyzed in detail in [11], and we will just quote
their results here. They found that this theory actually has a large moduli space of vacua.
When N is not a multiple of p (and p ≪ N), but rather N mod p = q, the theory has
branches of the moduli space of (real) dimensions 6q, 6(q + p), 6(q + 2p), · · ·, 6(q + np),
· · ·, which are each equivalent to a symmetric product of deformed conifolds (when the
UV cutoff goes to infinity, there is an infinite number of branches of this type). When
q = 0, the only difference is that the dimension of the lowest branch is not zero but two,
and on this lowest branch some baryonic operators condense.
Seeing this moduli space in the Klebanov-Strassler description, corresponding to the
decoupling limit of the four dimensional gauge theory when this theory is strongly cou-
pled, is straightforward but not completely trivial; the different branches involve (q+np)
D3-branes that are free to move on the conifold and that generally back-react on its
geometry. We can see precisely the same moduli space in the gravitational description
of the previous section, which is valid in the opposite limit in which the five dimensional
gauge dynamics is strongly coupled. We saw in the previous section that in this descrip-
tion the background involves a spiralling fivebrane, which reduces the rank of the gauge
group as we go down in the radial direction, just as in the Klebanov-Strassler cascade
(but here this reduction comes from explicit brane sources, rather than from background
fluxes). We also saw that for given UV boundary conditions we have an infinite set of
vacua (24), which differ in the value of the extreme IR flux (we identify the vacuum in
which the IR flux is equal to (q+np) with the 6(q+np)-dimensional branch of the moduli
space mentioned above). Note that, unlike in the case of Klebanov and Strassler, in our
case we do not have a good description of the vacua with the lowest values of n, where
back-reaction of the five-brane becomes important in our solutions. However, we do have
good descriptions for all the vacua with p≪ q + np.
4 Observables and spectra
In the decoupling limit described in section 2.2, holography relates non-normalizable
modes in the bulk to operators in the dual field theory, and the bulk path integral with
sources to the generating functional of correlation functions of the corresponding field
theory operators. Normalizable states in the bulk correspond to states in the dual field
theory.
In this section we discuss some aspects of this map for operators and states associated
with the brane intersection, which correspond to fields living on the curved NS5-brane.12
We start by identifying modes of the fivebrane with operators in the low energy field
12There are also “bulk” modes associated with the field theory living on the infinite D4-branes. In
the probe approximation (i.e. to leading order in p/N) they are not affected by the extra fivebrane.
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theory, and then move on to calculate the spectrum of mesons. In section 4.4 we discuss
the potential existence of normalizable Nambu-Goldstone modes associated with global
symmetry breaking.
4.1 Operator matching
The curved NS5-brane (6) has a two component boundary, corresponding to large pos-
itive x6 (and hence large w (8)), and large negative x6 (and large v). The latter corre-
sponds to going to the boundary at large u along the NS-brane; the former, along the
NS ′-brane. We will focus, for concreteness, on the operator map for modes defined on
the NS-brane. The discussion of modes living on the NS ′-brane is very similar.
To get a qualitative guide to the spectrum of operators on the NS-brane, it is conve-
nient to go back to figure 3, which does not take into account gs effects, but is nevertheless
useful. In this limit, the NS-brane fills the v plane; the bosonic modes living on it are
scalar fields describing its fluctuations in the transverse directions13 (w, z, x7), and a self-
dual 2-form field. Translations of the fivebrane in z change the coupling of the U(N + p)
gauge theory. Hence, the bulk operator corresponding to the relative location of the NS
and NS ′-branes couples to the gauge theory Lagrangian. We are mainly interested in
mesons, and will not discuss this mode in detail.
The scalar fields w and x7 couple to gauge-invariant operators constructed out of the
chiral superfields QL, Q˜L living at the intersection of the D4-branes and the NS-brane.
To study these operators in the bulk, we write
x7 = ǫx˜7(v, v¯, x
µ), w = w0(v) + ǫw˜(v, v¯, x
µ), (40)
where w0 is the undeformed profile (6), and we work to leading order in the deformations
x˜7, w˜. Specializing to wavefunctions with well defined charge (9),
w˜ = vnw˜(n)(vv¯, xµ), x˜7 = v
nx˜
(n)
7 (vv¯, x
µ), (41)
and plugging into the fivebrane action, we find the linearized equation of motion
(
∂2x6 + ∂µ∂
µ
)
F − n
2
λ2p
F = 0, (42)
where F = w˜(n), x˜
(n)
7 , and we used x6 rather than v to parameterize the worldvolume of
the unperturbed fivebrane, (6).
The field theory operators corresponding to (41) can be identified by matching the
transformation properties under the symmetries14. This leads to
vnw˜(n) ↔ QLΦnLQ˜L,
vnx˜
(n)
7 ↔ QLΦnLQ†L − Q˜†LΦnLQ˜L. (43)
13From the ten dimensional point of view, one of these scalar fields, Im(z) = x11, is non-geometric.
14Of course, all the states and operators we discuss are singlets of the SU(N)L × SU(N)R symmetry,
since this is a gauge symmetry in our setup.
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So far, we have focused on operators associated with the boundary along theNS-brane, at
large negative x6. Of course, perturbations introduced there propagate to large positive
x6 (where the equations of motion (42) are corrected in a way that will be described
below). In order to study perturbations containing only the operators (43), and not their
analogs with L→ R, one needs to choose solutions of the equations of motion that decay
rapidly as x6 →∞.
At first sight, for n > 0 the operators on the right-hand side of (43) seem to involve
the five dimensional modes living on the infinite D4-branes. However, one can use the
equations of motion of Q, Q˜ (29) to express them purely in terms of fields in the four
dimensional low energy theory. For example, the w˜(1) mode corresponds to the operator
Q˜L ·QRQ˜R ·QL. For higher n, one finds operators of the schematic form Q˜LQL(Q˜RQR)n.
A similar set of operators with L↔ R is obtained from the other boundary, x6 →∞.
To analyze the solutions of (42), it is convenient to write the operators (43) in mo-
mentum space, i.e. take F (x6, xµ) = F (x6) exp(ik
µxµ). For n > 0 and sufficiently small
k2, the solutions of (42) are in general non-normalizable as x6 → −∞; this gives rise
to the sources holographically related to the operators in the low energy theory at the
intersection, (43). For n = 0 and timelike (or null) momentum, k2 ≤ 0, the solutions of
(43) are in fact delta-function normalizable; they correspond to 4 + 1 dimensional scat-
tering states which are not localized at the intersection. The same is true for non-zero
n and −k2 ≥ n2/λ2p. Thus, we conclude that the map (43) is only valid for n ≥ 1, and
that in addition to the field theory modes, the brane system contains a continuum of
four dimensional states above the gap n/λp. For n = 0, this continuum starts at zero
energy.15
Having a continuum with some discrete localized states is natural in field theories with
defects. In our case we can think of the brane intersection region as a codimension one
defect inside the fivebrane; the discrete states are localized near the intersection, while
the continuum corresponds to states propagating in the bulk of the fivebrane. In the
limit we take, the four dimensional fields are not decoupled from the higher dimensional
ones.
The continuous spectrum in our system is also somewhat similar to what happens in
Little String Theory, where in a given charge sector one typically finds a discrete spectrum
of localized modes and a continuous spectrum corresponding to modes propagating in an
asymptotically linear dilaton throat (see e.g. [19]). However, in that case the continuum
does not have a simple interpretation in terms of a local field theory on the fivebranes.
In the next subsection we turn to the spectrum of normalizable modes of the confining
vacuum (6) of holographic MQCD. These modes correspond to particles in the dual gauge
theory. We will focus on the scalars corresponding to transverse fluctuations of the
fivebrane. Parametrizing the worldvolume as in section 2, we can label these directions
by v, w and x7. Since the classical shape (6) is localized at x7 = 0, it is easiest to study the
15The fact that the map (43) is not valid for n = 0 is natural from the field theory perspective, since
the operators on the right-hand side of (43) are analogs of the U(1) part of U(N) in other holographic
systems.
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fluctuations in the x7 direction, which are decoupled from those in the other directions.
Thus, we start with those, and then move on to the other ones.
We find a discrete spectrum of massive states, below the continuum discussed above.
If we take a limit that decouples the higher dimensional fields from the four dimensional
field theory, the continuous part of the spectrum should decouple, leaving behind a set of
discrete states. We assume that the discrete states in this limit are continuously related
to the ones we find here, but it is also possible that as we interpolate between the two
regimes, some states disappear into the continuum while other states emerge from it.
4.2 Spectrum of x7 fluctuations
We start with the analysis of the fluctuations along the x7 direction which is transverse to
the D4, NS and NS ′-branes. As mentioned above, these fluctuations are decoupled from
those corresponding to the other directions, and therefore their analysis is more tractable.
The corresponding gauge theory meson operators are described in the previous subsection
(see (43) and the discussion around it).
Before incorporating the fluctuations, the x7 position of the fivebrane is a constant,
x7 = X7 (which is one of the components of ~r0 in (14)). Perturbing around the classical
solution, we have
x7 = X7 + ǫx˜7(z, z¯, x
µ). (44)
Consider first the case X7 = 0. Plugging (44) into the background (14)
ds2 = H−1/3[dx2µ + dzdz¯] +H
2/3[dvdv¯ + dwdw¯ + dx27],
C6 =
1
2i
H−1d4x ∧ dz ∧ dz¯, H = πλN l
2
s
(vv¯ + ww¯ + x27)
3/2
, (45)
we find the induced metric on the probe branes,
ds2 = H−1/3
(
dx2i + gabdx
adxb
)
, xa = (z, z¯, t). (46)
In (46) and below we take (without loss of generality) the field x˜7 to depend only on the
time t and not on the spatial coordinates in IR3,1. Keeping only terms up to quadratic
order in ǫ, we find (denoting ∂ ≡ ∂/∂z, ∂¯ = ∂/∂z¯)
g =


ǫ2H∂x˜7∂x˜7 gzz¯ ǫ
2H∂x˜7 ˙˜x7
gzz¯ ǫ
2H∂¯x˜7∂¯x˜7 ǫ
2H∂¯x˜7 ˙˜x7
ǫ2H∂x˜7 ˙˜x7 ǫ
2H∂¯x˜7 ˙˜x7 −1 +Hǫ2( ˙˜x7)2

 . (47)
Here we defined
gzz¯ =
1
2
[1 +H(|∂v|2 + |∂w|2)] + ǫ2H|∂x˜7|2.
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The harmonic function takes the form
H =
πλN l
2
s
(u2cl + x
2
7)
3/2
=
πλN l
2
s[
2ξ2 cosh
(
2x6
λp
)
+ x27
]3/2 . (48)
We also define the dimensionless coordinates xˆ7 =
x˜7√
2ξ
, xˆ6 =
x6
λp
, xˆ11 =
x11
λp
, tˆ = t
λp
, and
the dimensionless ratio q
q ≡
√
2ξλ2p
πλN l2s
. (49)
Note that the condition (22) implies that q ≫ (λp/λN)2 = (p/N)2. However, this lower
bound on q is very weak in the probe limit p ≪ N . E.g., if we keep the “QCD scale”
ξ/l2s fixed in units of the five dimensional gauge coupling λp or λN , we have q ≪ 1 in the
probe limit.
In terms of the above definitions and omitting the hats, expanding to second order in
ǫ we find in this case the following Lagrangian (up to a multiplicative constant)
L ≃
∫
d2zH−1(
√
1
2
det(2g)− 1) ≃
≃ ǫ2
∫
d2z

2∂x7∂¯x7 − 1
2

1 + 1
q
√
cosh(2x6)

 x˙27

 .
(50)
The corresponding equation of motion for x7(x6, x11, t) is
− ∂2x6x7 − ∂2x11x7 +

1 + 1
q
√
cosh(2x6)

 x¨7 = 0. (51)
If we look at a mode of fixed mass and momentum in x11, such that x7(x6, x11, t) =
einx11+imtx7(x6), we get the following equation
16
∂2x6x7 −

n2 −m2

1 + 1
q
√
cosh(2x6)



 x7 = 0. (52)
In the asymptotic region of large |x6|, the equation we find is (42)
∂2x6x7 = (n
2 −m2)x7. (53)
Clearly, for m2 > n2 the solutions in this region are just plane waves, while for m2 <
n2 the solutions decay or grow exponentially at infinity. We can think of (52) as a
16Note that the charge of the state under the global U(1) symmetry (9) is −n.
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Figure 8: The spectrum of x7 fluctuations: m
2 (in units of 1/λ2p) as a function of q.
Schro¨dinger equation describing the motion of a particle with vanishing energy in the
potential
V (x6) = n
2 −m2

1 + 1
q
√
cosh(2x6)

 . (54)
This makes it clear that when m2 > n2 the solutions describe scattering off a potential
well and there is a delta-function normalizable solution for any value of m2, while for
m2 < n2 the solutions describe bound states in a potential so we expect to get solutions
only for discrete values of m2 (one can show that at least one bound state exists for all
q and n).
Going back to dimensionful variables, we see that we have a continuum of states with
m > n/λp , and a discrete spectrum for m < n/λp. As discussed above, the discrete
spectrum can be thought of as describing mesons in the confining vacuum of the gauge
theory of section 3 at strong coupling, while the continuum is associated with higher
dimensional modes.
To examine the spectrum of mesons, we numerically solved (51) for the case n = 1.
The resulting spectrum is depicted in figure 8 as a function of q. The qualitative features
of this spectrum are obvious by thinking about the analogous Schro¨dinger problem. For
small q, the potential well (54) is very deep, so we expect many bound states, with the
low lying ones having m2 ∝ q/λ2p. On the other hand, for large q the potential is very
shallow, so we expect (and find) just a single bound state, very close to m = 1/λp.
Note that the potential (54) is symmetric under x6 → −x6, which acts as charge
conjugation on the vector superfields, and exchanges QL ↔ QR. The minimum of the
potential is at x6 = 0, and it monotonically increases with |x6|. The mesons depicted in
figure 8 are localized near x6 = 0; they can be thought of as having significant overlap
with both QL and QR.
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For n > 1 the states described by (52) can be thought of as “exotics” since they have
the U(1) charge of Q†LQL(Q˜RQR)
n. Their spectrum is similar to that of figure 8, but the
masses are larger. This can be seen by noting that to have zero energy bound states, the
potential (54) has to be negative at the origin. This implies that the bound state masses
m always satisfy the bound
(mλp)
2 >
n2
1 + 1
q
. (55)
Thus, the masses of “exotics” containing n pairs of Q˜RQR and/or Q˜
†
LQ
†
L grow with n.
For the “massive” case, where the N D4-branes are displaced from the p D4-branes
that stretch between the NS and NS ′-branes in the x7 direction by the distance X7 (see
figure 2), the harmonic function takes the form
H =
πλN l
2
s[
2ξ2 cosh
(
2x6
λp
)
+ (X7 + ǫx˜7)2
]3/2 . (56)
The equation of motion reads (after rescaling as above, with X7 rescaled in the same way
as x˜7)
∂2x6x7 −
[
n2 −m2
(
1 +
cosh(2x6)
q(cosh(2x6) +X
2
7 )
3/2
)]
x7 = 0. (57)
The potential (54) takes in this case the form
V (x6) = n2 −m2
(
1 +
cosh(2x6)
q(cosh(2x6) +X
2
7 )
3/2
)
. (58)
For X7 < 1/
√
2 or, in terms of dimensionful variables, X7 < ξ, the potential (58) is
qualitatively similar to (54) – it has a unique minimum at x6 = 0 and no other extrema.
For X7 > 1/
√
2, the extremum at x6 = 0 becomes a local maximum, and the potential
(58) becomes a double well potential, with minima at the two solutions of the equation
cosh(2x6) = 2X
2
7 . As X7 increases, the potential becomes more and more sharply peaked
(for sufficiently small q), and the two minima move to large |x6|.
For large X7 and small q, the solutions of the Schro¨dinger problem that gives the
masses, (57), split into wavefunctions localized in the two wells. If this was the end of
the story, the theory would break the charge conjugation symmetry x6 → −x6, and the
mass spectrum would split into degenerate doublets related by the symmetry.
Of course, as is well known, symmetry breaking does not happen in quantum me-
chanics due to tunneling. Rather than exactly degenerate doublets, we expect to find
approximately degenerate pairs of states corresponding to the sum and difference of wave-
functions localized in the left and right wells. In figures 9-11 we present numerical results
for the mass spectrum for three values of X7 in the “broken phase”, X
2
7 = 1, 10, 100. As
one can see from these figures, for fixed X7 the splitting of the spectrum into approx-
imately degenerate pairs becomes more and more pronounced as q decreases, while for
fixed q it becomes more pronounced as X7 increases, as one would expect.
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Figure 9: The spectrum of x7 fluctuations for X
2
7 = 1.
Figure 10: The spectrum of x7 fluctuations for X
2
7 = 10.
Figure 11: The spectrum of x7 fluctuations for X
2
7 = 100.
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From the point of view of the low energy field theory of section 3, the change in the
nature of the wavefunctions of the normalizable states described above means that as
X7 increases, the mesons go from having significant overlaps with both QL and QR to
being primarily made out of QL (for wavefunctions localized in the left well) and of QR
(for those in the right well). These “flavor eigenstates” have small mixings, such that
the mass eigenstates are the sum and difference of the mesons made out of QL and those
made out of QR.
4.3 Fluctuations of the other transverse directions
Next, we analyze the transverse fluctuations in some of the other directions. From the
field theory point of view, one expects to find a qualitatively similar spectrum to that
described in the previous subsection. As we will see, in this case the equations for the
fluctuations are coupled, and thus are more difficult to solve numerically. However, in
certain limits we will be able to solve them, and find that the expectations are realized.
As before, to study the small fluctuations we expand around the holomorphic profile,
w = w0(z) + ǫw1(z, z¯, t), v = v0(z) + ǫv1(z, z¯, t). (59)
Similar to (46) we determine the nontrivial part of gab in the induced metric. To compute
the determinant of gab to quadratic order in ǫ, we should keep quadratic terms in gzz¯ and
gtt, and linear contributions to the other components of gab:
g =


ǫH(∂w0∂w¯1 + ∂v0∂v¯1) gzz¯
Hǫ
2
(∂w0 ˙¯w1 + ∂v0 ˙¯v1)
gzz¯ ǫH(∂¯w¯0∂¯w1 + ∂¯v¯0∂¯v1)
Hǫ
2
(∂¯w¯0w˙1 + ∂¯v¯0v˙1)
Hǫ
2
(∂w0 ˙¯w1 + ∂v0 ˙¯v1)
Hǫ
2
(∂¯w¯0w˙1 + ∂¯v¯0v˙1) Hǫ
2(w˙1 ˙¯w1 + v˙1 ˙¯v1)− 1

 .
Here
2gzz¯ = 1+H [∂(w0+ǫw1)∂¯(w¯0+ǫw¯1)+∂(v0+ǫv1)∂¯(v¯0+ǫv¯1)+ǫ
2∂¯w1∂w¯1+ǫ
2∂¯v1∂v¯1]. (60)
Next we compute
det(2g) = 2
[
(2gzz¯)
2(−gtt)− 4(ǫH)2(∂¯w¯0∂¯w1 + ∂¯v¯0∂¯v1)(∂w0∂w¯1 + ∂v0∂v¯1)
]
+2(ǫH)2(∂w0 ˙¯w1 + ∂v0 ˙¯v1)(∂¯w¯0w˙1 + ∂¯v¯0v˙1)(2gzz¯), (61)
so that √
1
2
det(2g) = (2gzz¯)[1− Hǫ
2
2
(w˙1 ˙¯w1 + v˙1 ˙¯v1)]
+
2(ǫH)2
1 +H(∂w∂¯w¯ + ∂v∂¯v¯)
[
−(∂¯w¯0∂¯w1 + ∂¯v¯0∂¯v1)(∂w0∂w¯1 + ∂v0∂v¯1)
]
+
(ǫH)2
2
(∂w0 ˙¯w1 + ∂v0 ˙¯v1)(∂¯w¯0w˙1 + ∂¯v¯0v˙1). (62)
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The Lagrangian density in IR3,1 becomes
L =
∫
d2z
1
H
(
√
1
2
det(2g)− 1)
=
∫
d2z
[
∂(w0 + ǫw1)∂¯(w¯0 + ǫw¯1) + ∂(v0 + ǫv1)∂¯(v¯0 + ǫv¯1)− ǫ2gzz¯(w˙1 ˙¯w1 + v˙1 ˙¯v1)
− 2ǫ
2H
1 +H(∂w∂¯w¯ + ∂v∂¯v¯)
(∂¯w¯0∂¯w1 + ∂¯v¯0∂¯v1)(∂w0∂w¯1 + ∂v0∂v¯1)
+
ǫ2H
2
(∂w0 ˙¯w1 + ∂v0 ˙¯v1)(∂¯w¯0w˙1 + ∂¯v¯0v˙1) + ǫ
2∂¯w1∂w¯1 + ǫ
2∂¯v1∂v¯1
]
. (63)
The terms linear in ǫ do not contribute to the equations of motion for w1 and v1, and
since H appears only multiplying ǫ2, we can replace it by its value H0 in the original
solution. Dropping an overall power of ǫ, we find
L =
∫
d2z
[
∂w1∂¯w¯1 + ∂v1∂¯v¯1 + ∂¯w1∂w¯1 + ∂¯v1∂v¯1−
2H0
F
(∂¯w¯0∂¯w1 + ∂¯v¯0∂¯v1)(∂w0∂w¯1 + ∂v0∂v¯1)
]
(64)
−1
2
∫
d2z
[
F (|w˙1|2 + |v˙1|2)−H0(∂w0 ˙¯w1 + ∂v0 ˙¯v1)(∂¯w¯0w˙1 + ∂¯v¯0v˙1)
]
,
where we defined
F ≡ 1 +H0(∂w0∂¯w¯0 + ∂v0∂¯v¯0). (65)
For the profile (6) we have
v0 = ξe
−z/λp, w0 = ξe
z/λp, H0 =
πλN l
2
s
(v0v¯0 + w0w¯0)3/2
, F = 1 +
2ξ2
λ2p
H0 cosh
(
z + z¯
λp
)
.(66)
The equations of motion that follow from (64) are complicated. To get some insight about
the structure of the spectrum we first analyze the asymptotic form of the equations of
motion at large values of |Re(z)| = |x6|. Keeping only the leading order terms, we arrive
at an approximate asymptotic Lagrangian:
L ≈
∫
d2z
[
∂w1∂¯w¯1 + ∂v1∂¯v¯1 + ∂¯w1∂w¯1 + ∂¯v1∂v¯1
]
− 1
2
∫
d2z
[
|∂µw1|2 + |∂µv1|2
]
, (67)
where for completeness we have restored the full xµ dependence. The corresponding
equations of motion read
∂∂¯w1 − 1
4
∂µ∂µw1 = 0, ∂∂¯v1 −
1
4
∂µ∂µv1 = 0. (68)
Taking a fixed momentum n in x11 and a fixed four dimensional mass m as above, the
resulting equation of motion is
∂2x6w1 −
(
n2
λ2p
−m2
)
w1 = 0, (69)
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and similarly for the other modes. Thus, as in the previous section, we have a discrete
spectrum for m < |n|/λp, and a continuum for m > |n|/λp. Note that since in this case
v and w themselves carry a U(1) charge ±1, these fluctuations carry U(1) charges n± 1.
Let us describe in more detail the modes coming from fluctuations of the absolute
values of v and w, namely
V = |v| = V0 + ǫV1, W = |w| =W0 + ǫW1. (70)
In terms of the coordinates u and α defined in (11)
ueiα = (V0 + ǫV1) + i(W0 + ǫW1). (71)
Substituting these variables into the Lagrangian (64) we get
L =
1
2
∫
dx6
[
(V ′1)
2 + (W ′1)
2 + (V 21 +W
2
1 )−H0
[V ′0V
′
1 +W
′
0W
′
1 − V0V1 −W0W1]2
(λ2p + u
2H)0
]
+
∫
dx6
1
2
(λ2p + u
2H)0[(∂µV1)
2 + (∂µW1)
2]. (72)
Here we have (after rescaling x6 as before)
V0 = ξe
−x6, W0 = ξe
x6, (λ2p + u
2H)0 = λ
2
p +
Q
u
= λ2p +
Q
ξ(e2x6 + e−2x6)1/2
.
Assuming that W1 ∼ sin(mt), V1 ∼ sin(mt), we find the Lagrangian
L =
1
2
∫
dx6
[
(V ′1)
2 + (W ′1)
2 + (V 21 +W
2
1 )− [λ2p + u2H ]0[(mV1)2 + (mW1)2]
]
−1
2
∫
dx6
H0
(λ2p + u
2H)0
[W0W
′
1 − V0V ′1 − V0V1 −W0W1]2. (73)
This Lagrangian is still too complicated to analyze. In the Appendix we invoke several
approximations that enable us to simplify its form for some range of parameters. Using
these approximations we get a decoupled Lagrangian for V+ ≡ 1√2(V1 +W1) of the form
L ≈ 1
2
∫
dx6

(V ′+)2 +

1− (mλp)2 − (mλp)2
q
1√
cosh(2x6)

V 2+

 . (74)
This is exactly the same Lagrangian as the one we found (with no assumptions and
approximations) for the fluctuations along x7 (50). The solution of the corresponding
equation of motion is thus identical (for n = 1) to the numerical solution described in
figure 8.
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4.4 Self-dual B field
The remaining bosonic field living on the curved fivebrane is the self-dual 2-form B field.
Its fluctuations give rise to a spectrum of mesons, whose masses can be analyzed as in
the previous subsections. We will not discuss the details of this analysis here.
Instead, we will comment briefly on the following question. In the original brane
configuration of figure 3, there are in fact two independent self-dual B fields, living on
the two NS5-branes. One can think of them as generating two U(1) symmetries in the
low energy field theory. The corresponding gauge fields are obtained by reducing the
self-dual B-field living on the NS-brane on the angular direction in the v-plane, and
similarly for the NS ′-brane.
In the confining vacuum described by (6), the two NS5-branes connect, and these
symmetries are broken to the diagonal subgroup, U(1)L×U(1)R → U(1)D. Superficially,
the situation seems to be very similar to that in the Sakai-Sugimoto model [20] (a closer
analog to our situation is the non-compact analog of that model, studied in [21]). In
that case, the symmetry breaking was spontaneous, and gave rise to a massless pion,
which corresponded to the zero mode of the component of the gauge field on the flavor
D8-branes along the U -shaped brane. In analogy, one might expect that in our system
a massless pion would arise from the self-dual B field with components along the curved
fivebrane. However, there are two important differences between our case and the Sakai-
Sugimoto model. In our case the brane only approaches the boundary at infinite values of
x6; also, in our case the radius of the x11 circle in the brane worldvolume goes to infinity
when we approach the boundary. Thus, it is not clear if we really have a spontaneously
broken global symmetry as described above. To check this we look for a mode of the
fluctuation of the Bµν field that corresponds to a massless mode in the dual field theory,
and which is normalizable.
Consider the fluctuation modes of the self–dual two-form field B living on the M5-
brane. Recall first that the induced metric on the M5-brane is (see (14)) given by
ds2ind = H
−1/3 [dx2µ + (1 +H(|∂v|2 + |∂w|2))dzdz¯] . (75)
Classically, the self–dual B-field living on the M5-brane vanishes. To study a candidate
for a Nambu–Goldstone mode, we only excite the components of the B-field which give
rise to scalars in spacetime:
B = ib dzdz¯ + (∂µφdx
µdz + c.c) + Bˆµνdx
µdxν . (76)
All fields appearing here are functions of (xµ, z, z¯). The field φ can be removed by a
gauge transformation, and then the self–duality condition determines Bˆµν in terms of b.
Focusing on the first term in (76), we find
B = ib dzdz¯, dB = i(∂µb)dx
µdzdz¯, ∗dB = igzz¯H−1/3(∗4d4b),
d(∗dB) = igzz¯H−1/3∂µ∂µb d4x+ id2[(gzz¯H−1/3)(∗4d4b)]. (77)
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Since the B-field is self–dual, the expression in the second line must vanish. This implies
that b is a massless mode, namely, ∂µ∂µb = 0. Let us check whether such a mode is
normalizable. The second term in the last equation allows us to determine the dependence
of b on (z, z¯):
b = H1/3gzz¯ b˜(xµ) =
[
1 +
H
λ2p
(vv¯ + ww¯)
]
b˜(xµ). (78)
To determine the norm of this expression, we should evaluate
∫
dzdz¯
√−g(−gtt)(gzz¯)2(∂µb)2 ∼
∫
dzdz¯(∂µb˜)
2, (79)
which clearly diverges. The expression (79) indicates that, as we found in the previous
subsections, the spectrum of this mode is continuous and there is no normalizable four
dimensional mode (but just a continuum corresponding to a massless field in six dimen-
sions). Thus, we cannot view the global symmetry discussed above as spontaneously
broken, and presumably it is not a good global symmetry of the four dimensional theory
for the reasons discussed above. The absence of Nambu-Goldstone bosons was also noted
in a similar situation in [22], in a background which also exhibits a continuous spectrum.
Note that in the calculation described above we did not explicitly take into account the
self–duality constraint. However, we have verified that a careful analysis using the action
for a self–dual field presented in [23] leads to the same result.
5 Energy scales
In this section we will discuss the energy scales that enter the dynamics of the brane
configurations of section 2. We start with the configuration of figure 1 in weakly coupled
type IIA string theory, with ξ, λp large in string units. One way to determine the
confinement scale in this theory is to calculate the potential between a heavy quark and
anti-quark separated in IR3 by a large distance L (not to be confused with the distance
in x6 between the NS5-branes, denoted by L in section 2). In QCD, this potential goes
at large distances like V (L) ≃ LTconf , where Tconf is the tension of the QCD string, and
the masses of glueballs are of order
√
Tconf .
In MQCD, this confining string was discussed in [9]. Although this paper considered
the case of large gs, the construction described in it generalizes trivially to the weakly
coupled theory studied here. The confining string can be viewed as an M2-brane ending
on the M5-brane described by (6). At fixed z, this M5-brane looks like p points on a
circle in the v plane, and p points in the w plane. The locations of the points in the
two planes are correlated and change with z. The usual type IIA string is an M2-brane
wrapped around the x11 circle, but if this M2-brane ends on the M5-brane, it can be
continuously deformed to an M2-brane which sits at a fixed value of x11, and stretches
31
between two adjacent points in v and w. This string minimizes its energy if it sits at
x6 = 0, where its tension is [9] (up to numerical constants)
Tconf ≃ ξ
pgsl3s
=
ξ
λpl2s
. (80)
From the point of view of the brane configuration of figure 1, this confining string (being
an M2-brane localized in x11) is really a D2-brane stretched between the D4-branes.
To have a regime in which the dynamics of the theory is dominated by the confining
string, the tension (80) must be well below the fundamental type IIA string scale. This
is the case if ξ ≪ λp. Note that small fluctuations of the fivebrane, of the sort studied
in section 4, do not give rise to any normalizable states in flat spacetime, and it is not
clear if any discrete states exist.
One may think that when a D-string becomes lighter than the fundamental string,
perturbation theory would break down. However, in our case this D-string only exists
when it is bound to the fivebrane (which we view as a probe), so it does not affect the
validity of perturbation theory in the bulk (or of the probe approximation to the fivebrane
physics).
So far, we discussed the system of section 2 for N = 0. We now add to the brane
configuration N ≫ p infinite D4-branes, and restrict to their near-horizon geometry.
Without the curved fivebrane (6), the quark-anti-quark potential now takes the form
V (L) ∝ −λN/L2 [24]. This is obtained by considering the minimal energy type IIA
string ending at two points on the boundary separated by a distance L in IR3.
When we add the probe fivebrane (6), the quark-anti-quark potential can in principle
change. For very small L, the type IIA string does not reach the curved fivebrane
(6) and cannot connect to it, while for very large L the string can go deep into the
region of small v, w where its tension goes to zero, and this gives the minimal energy
configuration. However, when the minimal radial position of the type IIA string is of
order ξ, the confining string could have a smaller energy. Clearly, this can only happen
if the tension of the confining string is smaller than the tension of a type IIA string at ξ.
The tension of the confining string (80) is not affected by the D4-brane background.
However, the fundamental type IIA string tension is corrected. When the N D4-branes
are at v = w = 0, one has (for x7 = 0)
H =
gsNl
3
s
(|v|2 + |w|2) 32 . (81)
This harmonic function renormalizes the tension of a type IIA string sitting at some
(v, w) to
TIIA =
H−1/2
l2s
. (82)
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Figure 12: The quark anti-quark potential
V (L)λ2p
λN
as a function of the distance L
λp
. The
blue line denotes the potential for a string unattached to the fivebrane, while the purple
and green lines are the potentials for attached strings with q = 0.5, 3, respectively. For
q = 3, the actual potential is the minimum between the blue line and the green line,
which is drawn in red.
Thus, the ratio between the tensions of the confining string and of a type IIA string at
u ≃ ξ is
Tconf
TIIA
≃
(
λN l
2
s
ξλ2p
) 1
2
. (83)
If
ξ
l2s
≫ λN
λ2p
, (84)
or equivalently q ≫ 1 in the notations of the previous section, there is a range of L’s
for which the confining string dominates the quark-antiquark potential. In this range of
L’s the quark-anti-quark potential is given by V (L) = TconfL − cξ/l2s for some positive
constant c, where the second term comes from the renormalized energy of the type IIA
string going down to the M5-brane at ξ and then coming back out. The precise quark-
anti-quark potential is given (see figure 12) by the minimum between this expression and
V (L) = −λN/L2. For q ≪ 1 the latter expression is always smaller, but for q ≫ 1 there
is a range of distances where the confining string dominates the quark-anti-quark force.
In section 4 we saw that the spectrum of mesons in holographic MQCD is particularly
rich in the opposite limit, q ≪ 1. The masses of the mesons range in this limit between√
q/λp and 1/λp (see figure 8). In the regime we consider they are all well below ms.
However, since the fundamental string tension is renormalized (82), in order for the
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mesons of section 4 to be well separated from the string excitations, they must be much
lighter than the local string scale at u ≃ ξ. One can check that for the light mesons
(i.e. those with m ∼ √q/λp) this follows from (22), while for the heavy ones (those with
m ∼ 1/λp) it leads to the requirement
q ≫
(
λp
λN
) 2
3
=
(
p
N
) 2
3
. (85)
This condition is stronger, but it still allows q to be very small.
6 Finite temperature
Holography relates the 4 + 1 dimensional theory of N D4-branes at finite temperature
to string theory in the near-horizon geometry of Euclidean non-extremal fourbranes [25].
This geometry is given by17
ds2 = H−1/3[fdτ 2 + dx2i + dx
2
6 + dx
2
11] +H
2/3[(f−1 − 1)dr2 + |dv|2 + |dw|2 + dx27],
C6 = H
−1d4x ∧ dx6 ∧ dx11. (86)
Here we define r2 = |v|2 + |w|2 + x27, which obeys r = u at x7 = 0 (where all our branes
from here on will be localized). In addition to the harmonic function H defined in (14),
which in this limit takes the form
H =
u30
r3
, u30 ≡ πλN l2s , (87)
this metric contains a non–extremality factor f , which depends on the temperature T ,
f = 1− u
3
T
r3
, uT =
16π2
9
(T ls)
2λN . (88)
The Euclidean time τ = it, is periodically identified,
τ ∼ τ + 1
T
. (89)
The relation between uT and the temperature ensures the smoothness of the metric (86)
at u = uT .
To study the system of section 2 at finite temperature we need to place the NS, NS ′
and p D4-branes in the background (86). Since these branes are treated as probes, they
do not change the background. One can think of (86) as providing a thermal bath in
which the four dimensional confining gauge theory is placed. Even though the bath is
five dimensional while the theory we are interested in is four dimensional, it is clear that
17As before, the type IIA geometry is obtained by reducing on the x11 circle.
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T above is also the temperature felt by the four dimensional degrees of freedom, which
are in thermal equilibrium with the five dimensional ones.18
Since the geometry is modified by the temperature, we need to determine the shape
of the curved fivebrane in the new geometry. The free energy is given (in the probe
approximation) by the fivebrane action for this shape (times the temperature). Recall
that at zero temperature, the profile (6) has a U(1) symmetry, (9), which corresponds
to a U(1) global symmetry in the gauge theory of section 3. From the field theory point
of view, it is clear that this symmetry remains unbroken at finite temperature. In the
geometry (86) this is the statement that the function f is invariant under (9). The most
general ansatz consistent with this U(1) is given by (15). Plugging it into the fivebrane
Lagrangian (for x7 = 0) leads to
L = H−1
√√√√f(1 +H(uφ˙)2)
(
1 +
H
f
(u′)2 +H(uα′)2
)
−H−1, (90)
which is the finite temperature counterpart of the Lagrangian (17). As in the zero tem-
perature case, the equations of motion imply that φ = x11/λp, and translation invariance
in α and x6 leads to the conserved charges
J =
u2α′
√
f(1 +Hu2/λ2p)√
1 + H
f
(u′)2 +H(uα′)2
,
E = H−1 −
H−1
√
f(1 +Hu2/λ2p)√
1 + H
f
(u′)2 +H(uα′)2
. (91)
To study the branes at finite temperature it is convenient to invert the relation u(x6)
and use u, rather than x6, as an independent variable. After some algebra, equation (91)
can be rewritten as
dα
du
=
J
u2
dx6
du
1
1−EH , (92)
dx6
du
= ± u
J
√
f
(1−EH)
[
u2
J2
f(H−1 +
u2
λ2p
)− 1− u
2
J2
(1− EH)2H−1
]−1/2
. (93)
It is convenient to define
G(u) =
u2
J2
f(H−1 +
u2
λ2p
)− 1− u
2
J2
(1−EH)2H−1 , (94)
in terms of which (92), (93) take the form
dα
du
= ± 1
u
√
fG
, (95)
dx6
du
= ± u
J
√
fG
(1−EH) . (96)
18Similar issues arise in the Sakai-Sugimoto model and related models, see, e.g., [26, 27, 28].
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Note that x6 is not a single–valued function of u, and we have to consider two branches,
which correspond to the two signs in (95), (96). These branches connect at the point
where u reaches its minimal value umin, which is determined by the condition
G(umin) = 0. (97)
The integrals of motion, E and J , are determined by imposing appropriate boundary
conditions on x6 and α. As discussed in section 2.1, at large u the distance between the
NS5-branes goes to infinity, so to define the theory one has to introduce a cutoff u∞ and
to impose boundary conditions at u = u∞.
The boundary has two components, corresponding to the NS and NS ′-branes (or,
equivalently, negative and positive branches of (95), (96)). On the negative (NS) branch,
the boundary conditions are α(u∞) = ǫ, x6(u∞) = −L/2; on the positive one they are
α(u∞) = π/2 − ǫ, x6(u∞) = L/2, where ǫ → 0 as u∞ → ∞. The boundary conditions
preserve the symmetry of the equations of motion x6 → −x6; thus, α(umin) = π/4.
It is important to emphasize that u∞, L, ǫ above are independent of temperature –
the boundary conditions are used to define the theory at the UV cutoff scale, and are
independent of the state.19 In particular, ǫ can be calculated in the zero temperature
theory by using (12).
The constants J and E (91) can be calculated as a function of temperature by in-
tegrating the equations of motion. Consider first the integral of (95). In principle we
should integrate from umin to u∞, but the resulting integral is convergent, so one can
send the upper limit of integration to infinity (and thus ǫ→ 0). This leads to
∫ ∞
umin
du
u
√
fG
=
π
4
. (98)
This, together with (97), gives one condition on J , E.
The second condition comes from integrating (96). This integral is divergent at large
u, so we need to be more careful with it. Recall that at zero temperature the theory is
characterized by the “QCD scale” ξ, which enters the relation (10) between L and u∞.
Denoting the integration constant related to ξ via (20) by J0, and the corresponding
function G (94) by G0,
20 we can write (10) as
L
2
=
∫ u∞
√
J0λp
udu
J0
√
G0
. (99)
Integrating the finite temperature equation of motion (96) leads to the relation
L
2
=
∫ u∞
umin
udu
J
√
fG
(1−EH) =
∫ u∞
√
J0λp
udu
J0
√
G0
. (100)
19Of course, we must choose the UV cutoff to be sufficiently large, u∞ ≫ uT .
20So G0 = (u
2/J0λp)
2 − 1.
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To remove the UV cutoff, it is useful to rewrite (100) such that the limit u∞ → ∞ is
smooth. This can be done by subtracting the two integrals in (100) and combining them.
The resulting integral is finite in the limit u∞ → ∞. In this limit one finds an integral
equation in which u∞ and L have been traded for the physical (“QCD”) scale ξ. This is
the brane analog of the process of renormalization in QCD.
Equations (97), (98) and (100) determine E and J as functions of J0 (or ξ) and the
temperature. The profile of the brane is then determined by solving (95) and (96). The
free energy of the solution (divided by the temperature) is given by
E (con) =
∫ u∞
umin
duH−1


√√√√f(1 + u2H
λ2p
)
(
(∂ux6)2 +
H
f
+H(u∂uα)2
)
−H−1∂ux6


=
∫ u∞
umin
udu√
fJ2G
[
H−1(f − 1) + u
2
λ2p
f + E
]
, (101)
where we restricted to the positive branch; therefore the full free energy of the curved
fivebrane is 2E (con).
The connected solution which has been discussed so far, corresponds to a confining
vacuum of the gauge theory of section 3 at finite temperature. Another solution of the
equations of motion, which corresponds to the Higgs branch, is a configuration of two
disconnected fivebranes which descend from large values of u to the horizon located at
u = uT . Looking at equation (93) and requiring x
′
6 to be real for all u > uT , we find that
such a disconnected solution must have
J = 0, E =
u3T
u30
. (102)
For these values of parameters equation (96) simplifies (we only look at one of the
branches)
dx6
du
=
(
u2
λ2p
+
u3T
u30
)− 1
2
. (103)
It has a unique solution satisfying the relation (99) between L and u∞,
x6 = λp ln

u+
√√√√u2 + λ2pu3T
u30

− λp
2
ln(2J0λp). (104)
This solution should only be considered in the exterior of the black hole, u > uT . The
derivative dα
du
vanishes in this region (see (92)); the solution has α = π/2 and describes
an NS ′-brane with p D4-branes attached.
At zero temperature the connected and disconnected solutions have the same energy
(in the limit when the cutoff u∞ is sent to infinity), in agreement with the fact that they
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describe two supersymmetric vacua of the same theory. At finite temperature, one of
them can have lower free energy. The free energy of the connected solution is given by
twice (101); for the disconnected one we find a free energy 2E (dis) with
E (dis) =
∫ u∞
uT
du


√√√√f(H−1 + u2
λ2p
)
(
H−1(∂ux6)2 +
1
f
)
−H−1∂ux6


=
1
2

u
√√√√u2
λ2p
+
u3T
u30
− λpu
3
T
u30
ln

u+
√√√√u2 + λ2pu
3
T
u30




u∞
uT
. (105)
Let us demonstrate that at small but finite value of uT this free energy is smaller than
(101). Near uT = 0, (105) behaves as
E (dis) = 1
2λp
[
u2∞ +
λ2pu
3
T
2u30
(1 + ln
(
u2T
u2∞
)
)− u2T + o(u3T )
]
. (106)
This should be compared with a similar expansion of (101),
E (con) =
∫ u∞
umin
udu√
fJ2G
[
u2
λ2p
+ E
]
− u3T
∫ u∞
umin
udu
u3
√
fJ2G
[
H−1 +
u2
λ2p
]
(107)
=
1
λ2p
∫ u∞
umin
u3du√
fJ2G
− u3T
∫ u∞
√
J0λp
du
u2
√
u4/λ2p − J20
[
H−1 +
u2
λ2p
− E
u3T
u3
]
+ o(u3T ).
Here we used the fact that the ratio E/u3T remains finite as uT goes to zero (this can be
shown by performing a small uT expansion of (98) and (100)) as well as (94). To simplify
the first term in (107), we observe that
fJ2G =
u4
λ2p
− J2 + 2Eu2 + u
3
T
u3
[
J2 −H−1u2 − 2u
4
λ2p
]
+ o(u3T ). (108)
This equation leads to an expression for du4 in terms of d(fJ2G), and substituting the
result into the first term in (107), we find
1
4λ2p
∫ u∞
umin
du4√
fJ2G
=
1
4
[
2
√
fJ2G
∣∣∣∣u∞
umin
− u3T
∫ u∞
umin
1√
fJ2G
d
{
2E
u3T
u2 +
J2
u3
− 1
uH
− 2 u
λ2p
}
+ o(u3T )
]
∼ u
2
∞
4λp
(
2− λ
2
p
u2∞
u3T
u30
+ 2E
λ2p
u2∞
)
−u
3
T
4
∫ u∞
√
J0λp
du√
u4/λ2p − J20
{
4E
u3T
u− 3J
2
u4
− 2u
u30
− 2
λ2p
}
+ o(u3T ). (109)
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At the last stage we dropped some terms which vanish in the limit u∞ →∞. Substituting
(109) into (107) and performing the integral in the term that diverges at large u∞, we
find
E (con) = u
2
∞
2λp
+ u3T
[
λpE
2u3T
− λp
4u30
]
+
λpu
3
T
4u30
ln
(
J0λp
u2∞
)
+
u3T
4
∫ u∞
√
J0λp
du√
u4/λ2p − J20
{
3J2
u4
− 2
λ2p
}
+ o(u3T ) (110)
For small values of the nonextremality parameter uT , this expression is larger than (106),
E (con) − E (dis) = u
2
T
2λp
+
λpu
3
T
4u30
ln
(
J0λp
u2T
)
+O(u3T ). (111)
Thus, we see that the disconnected configuration is thermodynamically preferred for all
non-zero T , and the phase transition from the confining to the Higgs phase (if we start
from the confining phase at zero temperature) occurs at T = 0. Of course, we can still
study the confining phase at (sufficiently small) non-zero T , but it is meta-stable in this
regime.
The above discussion is natural from the field theory point of view. The Higgs phase
of the gauge theory discussed in section 3 (corresponding to the brane configuration of
figure 4) has (N +p)2 massless fields, while the confining phase has N2. Since the former
has more massless degrees of freedom, its free energy is lower; the difference is an order
p/N effect. Our result on the energetics of the branes implies that this behavior persists
at strong coupling.
It is natural to ask whether it is possible to deform the brane system so as to shift
the deconfinement phase transition to finite temperature. One way to do that is to start
at zero temperature with a brane configuration in which the NS5-branes are displaced
relative to the N D4-branes in the x7 direction by the distance X7 6= 0. The free energies
of the confining (figure 2) and Higgs (figure 4) branches depend on X7, and it is possible
that the transition between them occurs at finite T .
A complication in this analysis is that at finite temperature the curved connected
and disconnected fivebranes that correspond to the two branches are no longer located
at fixed x7. One can show that they develop a profile in x7 that (at large x6) changes
logarithmically with u. This bending can be understood from field theory as due to the
fact that in order to have a non-zero vacuum expectation value of x7 at finite temperature,
one has to add to the Lagrangian a 4 + 1 dimensional FI D-term for the U(1)’s on the
semi-infinite D4-branes. The presence of this logarithmic mode complicates the analysis
of the energetics, and we will leave it to future work.
7 Non-supersymmetric generalizations
So far we have discussed brane configurations with d = 4 N = 1 supersymmetry. There
are many possible generalizations, to different dimensions and different amounts of su-
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persymmetry. In this section we discuss two non-supersymmetric brane systems that
are closely related to those studied in this paper. The first is a configuration similar to
that discussed in section 2.2 and drawn in figure 3, but with the two NS5-branes taken
to be parallel and having opposite orientations (so that in the classical limit they look
like an NS-brane and an NS-brane). We analyze this model both at zero and at finite
temperature. The second system is similar to the model discussed in section 2.3, with a
compact x6 direction (see figure 5), but with anti-periodic boundary conditions for the
fermions around the circle.
7.1 The NS −NS system
We start with the brane configuration of figure 3, with theNS ′-brane replaced by a second
NS5-brane parallel to the first one, but with opposite orientation; we will refer to it as
an NS-brane. In the full string theory, this configuration is unstable to gravitational
attraction of the fivebranes, but in the decoupled theory of the N D4-branes, which
we focus on here, the mode governing the separation between the fivebranes is non-
normalizable, and this instability is absent.
The field theory in this case is similar to the one discussed in section 3 for the
configuration of figure 3. In that case the couplings of the fundamental fields living
at the brane intersections to the adjoint fields preserved N = 2 supersymmetry at each
intersection separately, but only N = 1 for both intersections together, while in this
case there are no common supersymmetries. Classically the brane configuration has a
moduli space corresponding to moving the D4-branes on the interval along the NS5-
branes; quantum mechanically, we expect this moduli space to be lifted. It would be
interesting to see whether at weak coupling the field theory potential on this moduli
space is attractive or repulsive.
In the string dual, this brane configuration (for x7 = 0) is described by the Lagrangian
(17) with α′ = 0. Expressing the Lagrangian in terms of dimensionless coordinates
u→ u
uˆ
, x6 → x6
λp
, uˆ ≡ πλN l
2
s
λ2p
, (112)
as was done above equation (49), we find (up to an overall constant)
L = u5/2
√√√√(1 + u)
(
1 +
(u′)2
u3
)
− u3. (113)
The corresponding “conserved Hamiltonian” is given by
E = u3 − u
5/2
√
(1 + u)√
1 + (u
′)2
u3
. (114)
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This implies the following equation
u′ = ±u3/2
√√√√ u5(1 + u)
(u3 −E)2 − 1. (115)
It is easy to see that for E = 0 there is no connected solution but only a disconnected
one, of the form (21) u = K exp (±x6/λp), describing a configuration in which the gauge
symmetry is broken as in section 3. In the discussion of section 2, the connected solution
also had E = 0 due to supersymmetry, but now with no supersymmetry there is no
reason why a connected solution should have this property. Connected solutions exist for
any E < 0, and they are characterized by having a minimum point where u′ = 0. This
point is the maximal solution u = u∗ to the equation for the vanishing of u′,
u5∗ + 2Eu
3
∗ − E2 = 0. (116)
It is easy to check (this is a special case of a computation done in the next subsection)
that the connected configuration always has lower energy than the disconnected one, so
it describes the vacuum of this non-supersymmetric field theory. We did not analyse
explicitly the stability of this brane configuration, but we expect it to be stable, and to
otherwise exhibit similar physics to what we found in the previous sections.
The theory is parametrized by u∗ (the minimal value of u), which is an analog of
the “QCD scale” ξ introduced in section 2. Integrating (115) between u∗ and the UV
cutoff u∞, we find an analog of the relation (10) between the QCD scale and the distance
between the branes at u = u∞:
L
2
=
∫ u∞
u∗
(u3 −E)du√
u3(u5 + 2Eu3 − E2)
. (117)
Here E(u∗) is a negative number that solves equation (116). The integral on the right–
hand side of (117) diverges logarithmically for large u∞, so it is convenient to define a
renormalized quantity,
Lren = lim
u∞→∞
(L− 2 ln(u∞)) = 2
∫ ∞
u∗

 (u3 − E)√
u3(u5 + 2Eu3 −E2)
− 1
u

 du− 2 ln(u∗), (118)
which remains finite as u∞ → ∞. Inverting this relation, one finds u∗ as a function of
Lren, which is shown in the red line in figure 15.
7.2 The NS −NS system at finite temperature
At finite temperature, the NS − NS system is described by the Lagrangian (90) with
α′ = 0. Performing the re-scaling (112) in (90), or equivalently introducing the thermal
41
factor f(u) = 1− u3T/u3 into the Lagrangian (113), we find21
L = u5/2
√√√√f(1 + u)
(
1 +
(u′)2
fu3
)
− u3. (119)
The corresponding Hamiltonian for translations in x6 is given by
ET = u
3 − u
5/2
√
f(1 + u)√
1 + (u
′)2
fu3
. (120)
The minimal value of u for the connected configuration, u = umin, corresponds to u
′ = 0,
which is given by the solution of
u5min − u3T (u2min + u3min) + 2ETu3min − E2T = 0. (121)
The disconnected configuration has u′ = 0 at umin = uT , where according to (121)
E = u3T .
The connected configuration is characterized by the asymptotic separation L, which
is given in terms of umin and uT as follows
L = 2
∫ u∞
umin
du
u′
= 2
∫ u∞
umin
u3 −ET
u3/2
√
f
1√
u5 − u3T (u2 + u3) + 2ETu3 − E2T
du. (122)
The separation L can be renormalized in the same manner as in (118). The action of the
connected configuration is given by (up to an overall constant)
S(con) = 2
∫ u∞
umin
u3/2√
f
f(u3 + u2)− u3 + ET√
u5 − u3T (u2 + u3) + 2ETu3 − E2T
du , (123)
while the action of the disconnected configuration is
S(dis) = 2
∫ u∞
uT
u2du√
u2 + u3T
. (124)
The last integral can be evaluated exactly leading to
S(dis) =
[
u
√
u2 + u3T − u3T ln[2(u+
√
u2 + u3T )]
]u∞
uT
. (125)
The question of which of the two configurations, the connected one or the disconnected
one, is preferable at any given temperature is determined by the difference of the corre-
sponding free energies. In our approximation this is translated into the difference between
21Notice that this Lagrangian differs from (90) by an overall factor, and that uT here is rescaled with
respect to uT of section 6.
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Figure 13: ∆S as a function of Lren for uT = 0.5 (blue), uT = 1 (red), and uT = 1.5
(yellow). The arrows indicate in which direction the position of the brane umin increases.
the classical actions of the connected and disconnected configurations. Each action sep-
arately is divergent as u∞ → ∞, but the difference between them is finite, and is given
by
∆S ≡ S(con) − S(dis) = 2
∫ ∞
umin
u3/2

 1√f
fu2 − u3T + ET√
u5 − u3T (u2 + u3) + 2ETu3 − E2T
− u
2√
u2 + u3T

 du
−
[
u
√
u2 + u3T − u3T ln[2(u+
√
u2 + u3T )]
]umin
uT
. (126)
The difference of the actions as a function of the asymptotic separation distance is shown,
for some specific values of the temperature, in figure 13.
The qualitative dependence of ∆S on L depicted in the figures is the same for any
temperature uT > 0. From the figures it is evident that ∆S is always negative, and hence
the connected solution is preferred. However, it is also evident that for any temperature
there is a critical asymptotic separation distance Lcr (for a fixed UV cutoff), above which
the connected configuration no longer exists. This is manifest in figure 14 which describes
the separation distance L as a function of umin for a particular temperature. Increasing
umin from uT and correspondingly changing ET according to (121), L first increases
to Lcr, and then decreases. Therefore, for any given separation distance L, when the
temperature is raised, eventually L becomes larger than the critical value and hence
the connected configuration will cease to exist. The dependence of the phase transition
temperature uT on the renormalized Lcr, together with the corresponding value of u∗ at
T = 0, are shown in figure 15.
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Figure 14: The asymptotic separation distance Lren as a function of umin for uT = 1.
3 4 5 6
Lren
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uTu*
Figure 15: u∗ (red,higher) (at T = 0), and the phase transition temperature uT
(blue,lower) as a function of the renormalized distance Lren.
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The precise value of the phase transition point may be found by solving ∂L/∂umin = 0
for umin (at fixed temperature uT ), with L(umin) given by (122); note that this depends on
umin both through ET and through the lower bound on the integration region (and that
the resulting equation has a finite limit as u∞ → ∞). Inverting the function umin(uT )
that we find gives us the phase transition temperature for a given value of umin and
of L = L(umin). At this temperature there will be a first order phase transition to a
disconnected configuration. We have thus shown that unlike the supersymmetric case
discussed in section 6, for the non-supersymmetric model there is a first order phase
transition between the two phases at non-zero temperature.
7.3 A fivebrane in the cigar topology
The second non-supersymmetric model we discuss is similar to the compactified model
of section 2.3, but with anti-periodic boundary conditions for the fermions. This system,
which breaks supersymmetry, is not stable in flat space, but it is stable in the near-horizon
limit of the D4-branes [25]. The bulk geometry in this case is a double-Wick-rotation
of the near-extremal D4-brane solution, and in this background the (x6, u) coordinates
have the topology of a cigar (as opposed to the cylinder discussed in section 2.3). The
eleven dimensional background is given by (compare to (86))
ds2 = H−1/3[−dt2 + dx2i + f(r)dx26 + dx211] +H2/3[(f(r)−1 − 1)dr2 + |dv|2 + |dw|2 + dx27],
C6 = H
−1d4x ∧ dx6 ∧ dx11. (127)
The function f is given by f(r) = 1−
(
uΛ
r
)3
, where uΛ is the value of the radial coordinate
r at the tip of the cigar.
Upon reduction to ten dimensional type IIA supergravity, the corresponding metric,
dilaton and RR form read
ds2=
(
r
RD4
)3/2[
−dt2+δijdxidxj + f(r)dx26
]
+
(
RD4
r
)3/2[ dr2
f(r)
+r2dΩ24
]
, (128)
F4 =
2πNc
V4
ǫ4 , e
φ = gs
(
r
RD4
)3/4
, R3D4 = u
3
0 = πgsNcl
3
s .
Note that the transformation from the extremal background to the non-extremal one is
not just a change of the warp factor H(r) which, as we have seen in (19), does not modify
the brane profile. Fermions in the cigar background must be taken to be anti-periodic
around the x6 circle. Thus, supersymmetry is broken.
The fivebrane Lagrangian (for x7 = 0) that follows from (128), again rescaling (112),
is given by (up to a multiplicative constant)
L = u5/2√1 + u
√√√√(1− u3Λ
u3
)
+
(u′)2 + (uα′)2
u3 − u3Λ
− u3, (129)
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Figure 16: The spiraling profile over the cigar background. Again, we used a red line
for the “downward” brane and a blue one for the climbing one.
The Hamiltonian for translations in x6 is now
E = u3 − u
5/2(1− u3Λ
u3
)
√
1 + u√
(1− u3Λ
u3
) + (u
′)2+(uα′)2
u3−u3
Λ
. (130)
The conserved charge associated with the shift symmetry of α is
J =
u5/2
√
1 + u

 α′
u
(
1−u
3
Λ
u3
)


√
(1− u3Λ
u3
) + (u
′)2+(uα′)2
u3−u3Λ
. (131)
In general it is hard to solve these equations exactly; it is simpler to do this in the case
E = 0, but this case now does not lead to the correct change in α to connect the NS
and NS ′-branes. We expect that there should still exist an infinite sequence of connected
solutions, as discussed in section 2.3 and as depicted in figure 16, but now these solutions
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will no longer be degenerate. It would be interesting to analyze these solutions in detail,
to see which solution has the lowest energy. In the limit ξ ≫ uΛ we can analyze this
by working at leading order in uΛ; we find that when the brane lies in a region that the
parameter q defined in (49) obeys q ≪ 1, the solutions with lower ξ (more cascade steps)
have lower energy, so that the minimal energy configuration has ξ close to uΛ, while for
q ≫ 1 the situation is the opposite. Due to the topology of the background it is obvious
that in the present case we cannot have a disconnected profile, since the NS5-brane does
not have where to end.
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A Approximations in the derivation of the spectra
of the fluctuations in the transverse directions
The equations of motion that follow from the Lagrangian (73) are rather complicated,
so to get at least some qualitative understanding on the structure of the bound states
we invoke several approximations. Since the dominant contribution of H0
((pR)2+u2H)0
comes
from the vicinity of x6 = 0, where V0 ∼ W0, to get a rough estimate of the eigenvalues
we replace V0/u0 and W0/u0 by
1√
2
, and hence
[V0V
′
1 −W0W ′1 − V0V1 −W0W1]2 ≈
u20
2
[V ′1 −W ′1 − V1 −W1]2 = u20
[
V ′− − V+
]2
. (132)
Here we introduced
V+ =
V1 +W1√
2
, V− =
V1 −W1√
2
. (133)
This approximation leads to the Lagrangian
L ≈ 1
2
∫
dx6

(V ′+)2 + (V ′−)2 +

1− (mpR)2 − (mpR)2
q
1√
2 cosh[2x6]

 (V 2+ + V 2−)
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−(mpR)
2
q
1√
2 cosh[2x6]

(mpR)2 + (mpR)2
q
1√
2 cosh[2x6]


−1
(V+ − V ′−)2


≡ 1
2
∫
dx6
[
(V ′+)
2 + (V ′−)
2 + a(x6)(V
2
+ + V
2
−) + b(x6)(V+ − V ′−)2
]
. (134)
This is still a complicated coupled Lagrangian. In the limit of q << 1 we may be justified
to assume
− a ∼ (mpR)
2
q
1√
2 cosh[2x6]
≫ 1, b ≈ 1, b′ ∼ q ≪ 1. (135)
Using this approximation we get a decoupling of V+ and V− in the Lagrangian so that
for the former we find
L ≈ 1
2
∫
dx6

(V ′+)2 +

1− (mpR)2 − (mpR)2
q
1√
2 cosh[2x6]

 V 2+

 . (136)
References
[1] G. ’t Hooft, “A planar diagram theory for strong interactions,” Nucl. Phys. B 72,
461 (1974).
[2] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large
N field theories, string theory and gravity,” Phys. Rept. 323, 183 (2000)
[arXiv:hep-th/9905111].
[3] C. Nunez, A. Paredes and A. V. Ramallo, “Unquenched flavor in the gauge/gravity
correspondence,” arXiv:1002.1088 [hep-th].
[4] A. Giveon and D. Kutasov, “Brane dynamics and gauge theory,” Rev. Mod. Phys.
71, 983 (1999) [arXiv:hep-th/9802067].
[5] J. Polchinski and M. J. Strassler, “The string dual of a confining four-dimensional
gauge theory,” arXiv:hep-th/0003136.
[6] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Du-
ality cascades and chiSB-resolution of naked singularities,” JHEP 0008, 052 (2000)
[arXiv:hep-th/0007191].
[7] J. M. Maldacena and C. Nunez, “Towards the large N limit of pure N = 1 super
Yang Mills,” Phys. Rev. Lett. 86, 588 (2001) [arXiv:hep-th/0008001].
[8] N. Seiberg, “Electric - magnetic duality in supersymmetric nonAbelian gauge theo-
ries,” Nucl. Phys. B 435, 129 (1995) [arXiv:hep-th/9411149].
48
[9] E. Witten, “Branes and the dynamics of QCD,” Nucl. Phys. B 507, 658 (1997)
[arXiv:hep-th/9706109].
[10] N. Itzhaki, J. M. Maldacena, J. Sonnenschein and S. Yankielowicz, “Supergravity
and the large N limit of theories with sixteen supercharges,” Phys. Rev. D 58, 046004
(1998) [arXiv:hep-th/9802042].
[11] A. Dymarsky, I. R. Klebanov and N. Seiberg, “On the moduli space of the cascading
SU(M+p)×SU(p) gauge theory,” JHEP 0601, 155 (2006) [arXiv:hep-th/0511254].
[12] E. Witten, “Solutions of four-dimensional field theories via M-theory,” Nucl. Phys.
B 500, 3 (1997) [arXiv:hep-th/9703166].
[13] F. Benini, F. Canoura, S. Cremonesi, C. Nunez and A. V. Ramallo, “Backre-
acting Flavors in the Klebanov-Strassler Background,” JHEP 0709, 109 (2007)
[arXiv:0706.1238 [hep-th]].
[14] O. Aharony and A. Hanany, “Branes, superpotentials and superconformal fixed
points,” Nucl. Phys. B 504, 239 (1997) [arXiv:hep-th/9704170].
[15] I. R. Klebanov and E. Witten, “Superconformal field theory on threebranes at a
Calabi-Yau singularity,” Nucl. Phys. B 536, 199 (1998) [arXiv:hep-th/9807080].
[16] I. R. Klebanov and N. A. Nekrasov, “Gravity duals of fractional branes and loga-
rithmic RG flow,” Nucl. Phys. B 574, 263 (2000) [arXiv:hep-th/9911096].
[17] I. R. Klebanov and A. A. Tseytlin, “Gravity Duals of Supersymmetric
SU(N) × SU(N + M) Gauge Theories,” Nucl. Phys. B 578, 123 (2000)
[arXiv:hep-th/0002159].
[18] M. J. Strassler, “The duality cascade,” arXiv:hep-th/0505153.
[19] O. Aharony, A. Giveon and D. Kutasov, “LSZ in LST,” Nucl. Phys. B 691, 3 (2004)
[arXiv:hep-th/0404016].
[20] T. Sakai and S. Sugimoto, “Low energy hadron physics in holographic QCD,” Prog.
Theor. Phys. 113, 843 (2005) [arXiv:hep-th/0412141].
[21] E. Antonyan, J. A. Harvey, S. Jensen and D. Kutasov, “NJL and QCD from string
theory,” arXiv:hep-th/0604017.
[22] M. Van Raamsdonk and K. Whyte, “Baryons from embedding topology and a contin-
uous meson spectrum in a new holographic gauge theory,” arXiv:0912.0752 [hep-th].
[23] P. Pasti, D. P. Sorokin and M. Tonin, “Covariant action for a D = 11 five-brane
with the chiral field,” Phys. Lett. B 398 (1997) 41 [arXiv:hep-th/9701037].
49
[24] A. Brandhuber, N. Itzhaki, J. Sonnenschein and S. Yankielowicz, “Wilson loops,
confinement, and phase transitions in large N gauge theories from supergravity,”
JHEP 9806, 001 (1998) [arXiv:hep-th/9803263].
[25] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge
theories,” Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].
[26] O. Aharony, J. Sonnenschein and S. Yankielowicz, “A holographic model of de-
confinement and chiral symmetry restoration,” Annals Phys. 322, 1420 (2007)
[arXiv:hep-th/0604161].
[27] A. Parnachev and D. A. Sahakyan, “Chiral phase transition from string theory,”
Phys. Rev. Lett. 97, 111601 (2006) [arXiv:hep-th/0604173].
[28] E. Antonyan, J. A. Harvey and D. Kutasov, “The Gross-Neveu model from string
theory,” Nucl. Phys. B 776, 93 (2007) [arXiv:hep-th/0608149].
50
